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"$F)/K)$.) )#(& $*" &*.1*" "#(& )/.'&" )* $! 3!4#( "%'0!(&* 5
*+ µ > 1/2, '$ (67 ! ,!" )* &*.1* )* #%8* $'1'&* 9Q *& R "#(& )*" 3#(&'#("
)* σ: *& (#%" !0#("
q = Q
0
+ yQ
1
+ y2Q
2
+ · · · ,
r = R
0
+ yR
1
+ y2R
2
+ · · · ,
!'("' ;%*
φ
µ
= c0 + c1y + c2y
2 + · · · ;
*+ µ < 1/2, $! #%8* $'1'&* *"& )* &!'$$* y1/2 *& (#%" !0#("
q = Q
0
+ y1/2Q
1
+ yQ
2
+ · · · ,
r =
√
yR1 + yR2 + · · · ,
!'("' ;%*
φ
µ
= c1y + c2y
3/2 + · · · ,
#< Rk )*,*() )* (|σ| − 1)/y1/2 =
*+ µ = 1/2, $! #%8* $'1'&* *"& )* &!'$$* y1/5 *& (#%" !0#("
q = Q
0
+ y1/5Q
1
+ y2/5Q
2
+ · · · ,
r = y2/5R2 + y3/5R3 + · · · ,
 !  !"#$%&"($!
 !"#! $%&
φ
µ
= c2y
4/5 + c3y + · · · ,
'( Rk )&*&") &,,& -'!# )& (|σ| − 1)/y2/5.
"#$#%& '() *+ #%-)./)%) 0) *+ &1.2) )&$ 013#%$.1) 0+%& (% )&4+) 0)
$54) 6#7#*)- 8 4#20& )94#%)%$2)* 0) &#.$) '(): 0+%& )$ )&4+): *+ ;#.3)
*2%1+2.)
(q, r) 7→
∫
[−1,1]
σq(σ)dσ +
∫
R\[−1,1]
σr(σ)dσ, <=>?
)&$ (%) ;#.3) *2%1+2.) #%$2%()@ "#(& +-#%& 0#% /.+$(2$)3)%$ *) #.#**+2.)
&(2-+%$ A
 !"!##$%"& '( /%0 1 '",0 !",&2 "'%#  3'"# 1 )!#%##!'" #%!3 ",& 4
)% µ > 1/2* 1 '",0 !",& #& )53&1'**& &"
τ = η0y + η1y
2 + . . . ,
)% µ < 1/2* 1 '",0 !",& #& )53&1'**& &"
τ = τ0 + A0
√
y + . . . ,
)% µ = 1/2* 1 '",0 !",& #& )53&1'**& &"
τ = B0y
1/5 +B1y
2/5 + . . . .
"#$#%& '() 0+%& *) #.#**+2.) 4.110)%$: *)& #%&$+%$)& η0: τ0 )$ B0 &#%$
%#% %(**)& <)$ '(B#% .)$.#(-) +*#.& *)& -+*)(.& +*(*1)& 0+%& *) $C1#.D3)  
(%) ;#2& .);#.3(*1)& )% #%&$+%$)& +023)%&2#%%1)&?@
E) $C1#.D3) &) 013#%$.): )%$.) +($.)&: )% ($2*2&+%$ *+ $C1#.2) 0)& 4).$(.F
7+$2#%& +%+*5$2'()& 0B#41.+$)(.& 0+%& *B)&4.2$ 0)  !"# GH=℄@ EB201) )%$.+*)
)&$ 0) #%&201.). *) 4.#7*D3) <JK+?L<JKC? #33) (% 4.#7*D3) 8 0)(9 4+.+F
3D$.)& y )$ φ@ M% C+%/) )& 4+.+3D$.)& <) '(2 .+44)**) *+ 01&2%/(*+.2&+$2#%
($2*2&1) 0+%& *) C+42$.)  ? 4(2& #% )94.23) (q, r) #33) *+ &#*($2#% 0B(%
#41.+$)(. )**24$2'(): 0#%$ *+ 014)%0+%) )% &)& 4+.+3D$.)& )&$ +%+*5$2'()@
M% #%*($ )% ($2*2&+%$ *) $C1#.D3) 0)& ;#%$2#%& 234*22$)& <$#(N#(.& 0+%&
&+ -).&2#% +%+*5$2'()?@ O)$$) +44.#C) 4).3)$ 0) 3#%$.). *+ #%-)./)%) 0)
*+ &1.2) <4+. +%+*5$22$1? +*#.& '() /1%1.+*)3)%$ 4#(. )& 4.#7*D3)& 0) $54)
41%+*2&+$2#%: #% %) 3#%$.) '() 0)& 01-)*#44)3)%$& +&534$#$2'()& <1-)%F
$()**)3)%$ 8 $#($ #.0.): -#2. 4+. )9)34*) *) C+42$.) P 0( *2-.) 0) $#%&' )$
(!)'*& G J℄?@
 !"#$%&"($!  !
"# %&'()*# + #,) )(*- ./01 &*)(2# &#')- .&1,  !"# $% "&&'% #()*%3 #1
422&54*&)(41 &6#  !#$%& '%($)*+7
840* (220,)*#* 2& ,40'2#,,# .# 2& 9-)%4.# 9(,# &0 '4(1) &0 %&'()*# +3 140,
2/&641, &''2(:0-# &0 '*452;9# ,0(6&1) < :0#2 #,) 2# 49'4*)#9#1) .0 94.;2#
./=-5*&0.>"#:0#0? 24*,:0#3 #))# @4(,3 2# )&0? .# (,&(22#9#1) γ˙ .#6(#1) )*;,
A*&1.7 B0 '4(1) .# 60# 9&)%-9&)(:0#3 (2 ,/&A() .41 ./-)0.(#* 2& 2(9()# .0
,C,);9# D++EFD+GE 24*,:0# y )#1. 6#*, 2/(1H1(7 B0 '4(1) .# 60# #?'-*(9#1)&23
2#, 9&)-*(&0? 6()*#0? )#1.#1) I .#6#1(* .# '20, #1 '20, 1#J)41(#1, 24*,:0# 2#
(,&(22#9#1) #,) A*&1.7 B&1, KLM℄3 ,-.)$/* #) 0%1/%/2 &O*9&(#1) :0# 2#0*
94.;2# *#'*4.0(,&() # @&()7 B# '20, 2& 6(,4,()- I 2& 2(9()# -)&() (1.-'#1.&1)#
.# 2& )#9'-*&)0*# µ7 P40, &641, %#*%- I .-941)*#* #))# &O*9&)(41 #)
45)#10 2# )%-4*;9# D41 14)# y = 1/εE <
 !"#$%&' () +,-./01 ε )123 41-. 05 '( ,2)-(72)1 τ 3,2281 &(- D+QE5 ,9 p
1.) .,'0)7,2 31 D++E:D+GE5 (3;1) '<(.=;&),)7/01 .074(2)1 >
τ ∼ 1
ε
,
,0 &'0. &-87.8;12)
τ =
1
ε
+O(1).
R1 6&*(&52#, .(9#1,(411-#,3 140, 45)#141, :0# 2& 41)*&(1)# #,) -:0(>
6&2#1)# I G0T0γ˙ # :0( )*&.0()3 5#2 #) 5(#13 01 49'4*)#9#1) 1#J)41(#1 I
6(,4,()- (1.-'#1.&1)# .# 2& )#9'-*&)0*# µ7
840* 941)*#* # )%-4*;9#3 140, 0)(2(,41, 2# 9S9# '*(1('# :0# '40*
2/-)0.# I @&(52# (,&(22#9#1) < 140, .-6#24''41, &,C9')4)(:0#9#1) 2& ,420>
)(41 .# D++EFD+GE .&1, 01 #,'&# .&1, 2#:0#2 2& @4*9# 2(1-&(*# #1 p D+QE #,)
41)(10#7 T# @&(,&1) 140, #1 .-.0(,41, '&* ,(9'2# (1)-A*&)(41 2# .-6#24''#>
9#1) .# 2& 41)*&(1)# τ 7 T# *-,02)&) ,# )*&.0() .&1, 2& '*4'4,()(41 ,0(6&1)# <
*$#+#,-.-#/ 0) +( .,'0)7,2 p 30 &-,?'@;1 D++E:D+GE &10) .<8-7-1 p = papp+
prem5 ,9 papp 1.) 38A271 &(-
papp =

ε exp
(
σ
µε
)
.7 σ ≤ 0,
ε .7 0 ≤ σ ≤ 1,
ε exp (−ε(σ − 1)) .7 1 ≤ σ,
DL E
 !  !"#$%&"($!
 ! prem  "! #$ ! %& ' % "! ()%*+,$!∥∥∥∥exp(− ·2µε
)
prem
∥∥∥∥
L2(−∞,0)
= O(ε5/2), "# $
‖prem‖L2(0,1) = O(ε3/2), "##$∥∥∥exp(ε
2
(· − 1
)
prem
∥∥∥
L2(1,+∞
= O(ε3/2). "#%$
&'( )**+,-./-)0' 1( ( -340.56( (,- 10''4 7/. *(, 89+.(,  (- # 0: *;0'
/ .(7.4,('-4 .(,7(-)<(6('- */ ,0*+-)0' ,-/-)0''/).( (- ,0' *09/.)-36(= 70+.
µ = 1 (- 1)>4.('-(, </*(+., 1( ε /)',) ?+( *( *09/.)-36( 1( */ ,0*+-)0'@
−5 −4 −3 −2 −1 0 1 2 3 4 5
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Solutions stationnaires µ=1
σ
b=0
b=10
b=50
b=100
 !"#  A B0*+-)0' ,-/-)0''/).( 1( " C$ 70+. 1(, </*(+., 1( b = 1/ε 1( 7*+, ('
7*+, 9./'1(,
D0+, /<0', 07-4 (--( E0), 70+. +'( /77.03( 7/. 14<(*077(6('-, /,F67G
-0-)?+(, -.0'?+4, ")) H *;0.1.( I$ 0'-./).(6('- H ( ?+( '0+, /<)0', E/)- 1/',
*( 3/7)-.(  @ J' (>(-= () '0+, / 7(.6), 1;)1('-)8(. *(, 1)K+*-4, )'34.('-(,
H (--( 146/.3( (- 7(+- ,(.<). 1( 6/.3(7)(1 H +'( /'/*F,( ,)6)*/).( ,+. *(
6015*( 6+*-)1)6(',)0''(* 1+ 3/7)-.( %@
L(, 1)K+*-4,= ?+(**(, ,0'-G(**(, M L066( 0' 7(+- *( <0). 1/', *;4'0'4
1( */ 7.070,)-)0'  = *( 14<(*077(6('- '( 147('1 7/, 1( µ@ D0+, ';/<0',
10' 7/, H '0+, ,0+)(. 1;+' 3/'9(6('- 1( 0670.-(6('- 066( 1/', *(
3/7)-.(  @ N/ 1)K+*-4 7.)')7/*( .4,)1( 1/', *;0O-('-)0' 1;+' 14<(*077(6('-
 !"#$%&"($!  !
−5 −4 −3 −2 −1 0 1 2 3 4 5
−15
−10
−5
0
Solutions stationnaires µ=1
σ
b=0
b=10
b=50
b=100
 !"# "# $%&'()*+,- .- /' 0%/1*)%2 0*'*)%22')(- .- 3 45 6%1( .-0 7'/-1(0 .-
b = 1/ε .- 6/10 -2 6/10 &('2.-0
'08,6*%*)91- .- Γ 91) 2:-0* .;<2) 91:),6/))*-,-2* 6'( /:;91'*)%2 3 >5? $'
(;6%20- @ -**- 91-0*)%2 -0* .%22;- 6'( /- /-,,- 01)7'2* #
 !""! #$  ! "#$%$&' Γ !%()& *) %'+)*,--)().&
Γ = 1 +O(ε). 3"A5
B- /-,,- -0* 1*)/)0; @ 6/10)-1(0 (-6()0-0 6%1( .;,%2*(-( /-0 -0*),'*)%20
3" 5C3""5 91)D -//-0D ,-01(-2* /' 91'/)*; .- /:'66(%E),'*)%2 .- /' 6(%6%0)F
*)%2  ? G%1(*'2* 0' .;,%20*('*)%2 2;-00)*- @ -//- 0-1/- 12 .;7-/%66-,-2*
'08,6*%*)91- '7- 0%2 6(%6(- %(*H&- .:-0*),'*)%20 .- (-0*- I
J/ K'1* 2%*-( 91- - 0+;,' .- 6(-17- 2:1*)/)0- L',')0 /- *+;%(H,- .-0
K%2*)%20 ),6/))*-0? M:12- -(*')2- K'N%2D /- (')0%22-,-2* 6'( /- *+;%(H,-
.-0 K%2*)%20 ),6/))*-0 -0* (-,6/'; 6'( 12 '(&1,-2* 1*)/)0'2* 12)91-,-2* /-
*+;%(H,- .-0 7'/-1(0 )2*-(,;.)')(-0? O2- *-//- 6(-17- 6-1* 6-(,-**(- .- .;F
,%2*(-( 12 *+;%(H,- .:-E)0*-2- 6%1( ε 6-*)* .- 3  5C3 >5 3,')0 %2 2:%P*)-2*
6'0 /:12))*; 6'( -**- ,;*+%.-5?
$- +'6)*(- " -0* *)(; .:12 '(*)/- 0%1,)0 6%1( 12 21,;(% 06;)'/ .-
/$).) 12$.! 3!&2)(!&$4D .'20 /- '.(- .- /' 56).2712$.)4) /#(()6
/2,,* 01( *)4 )8)&4 %) &).4)#6 %) ,.&6!$.&)4 4#6 *)4 "#$%)4?
Q%10 0%,,-0 ,')2*-2'2* ,12)0 .:12 -(*')2 2%,P(- .:%1*)/0 6%1( 2%10
'**'91-( @ /' 91-0*)%2 01)7'2*- # /- ,%.H/- ,1/*).),-20)%22-/ 3!45 91- 2%10
   !"#$%&"($!
!"#$% #$'( !)*+,-./ )+% 01#01.2,2% %.*./!.1+% !( *#)3/+ .$.,.!/ )+ 4251!()-
6+7(+(8 9 6! 120#$%+ 7(+ $#(% !00#1,#$% : +,,+ 7(+%,.#$ )!$% /+ ;!0.,1+ <
$=+%, 0!% +$#1+ ,#(, : >!., #*0/3,+? *@*+ )=($ 0#.$, )+ "(+ >#1*+/A B#(%
0+$%#$% +0+$)!$, !"#.1 !00#1,2 )+% 2/2*+$,% 7(. /!.%%+$, : 0+$%+1 7(+ =+%,
5.+$ /+ !%A
C!00+/#$% 7(+ $#(% $#(% %.,(#$% )!$% /+ !% )=($ D(.)+ !( 1+0#% Eu = 0F?
%,!,.#$$!.1+ +, ;#*#G3$+ E0!% )+ )20+$)!$+ )+ p +$ t +, x? +, /! *!,1.+ ∇u
+%, ($+ *!,1.+ #$%,!$,+F +, +$H$ : ($ >!.5/+ ,!(8 )+ )2>#1*!,.#$ E∇u =
εMFA 6! >#1*+ )+ /=27(!,.#$ EIJF +%, !G12!5/+ )=($ 0#.$, )+ "(+ *#)2/.%!,.#$
0#(1 %! #$.%.#$ *!.%? 0#(1 0#("#.1 /=!$!/K%+1? $#(% )+"#$% ;#.%.1 ($+ 5!%+
)+ /=+%0!+ )+% *!,1.+% %K*2,1.7(+% +, +801.*+1 /=27(!,.#$ )!$% +,,+ 5!%+A
L$+ >#.% +. !#*0/.? $#(% !5#(,.%%#$% : /! >#1*(/!,.#$ %(."!$,+ M
− µΓ∆p+ ε(AΣ+ A0) · ∇p+ h(|Σ|)p = Γρ,∫
Σ∈R6
p(Σ)dΣ = 23/2.
ENJF
O!$% +,,+ >#1*(/!,.#$? Σ +%, /+ 0#.$, #(1!$, )+ R6? ∆ +%, /+ /!0/!.+$
(%(+/? ∇ /=#021!,+(1 )+ G1!).+$, (%(+/? | · | /! $#1*+ +(/.).+$$+ %(1 R6 +, h
+%, 1R\[−1,1]A A +%, ($+ *!,1.+ 7(. 1+G1#(0+ /+% .$>#1*!,.#$% 01#"+$!$, )(
,+1*+ ga(Σ,∇u) : ∇Σp )!$% /! >#1*(/!,.#$ EIJF !/#1% 7(+ A0 +%, ($ "+,+(1
7(. 01#".+$, )+ G0D(∇u) : ∇Σp P A $+ )20+$) )#$ 7(+ )+ M +, a !/#1% 7(+
A0 $+ )20+$) 7(+ )+ M +, )+ G0A
Q$ /+ "#.,? /+ 01#5/3*+ +%, >#1*+//+*+$, ,13% 1+%%+*5/!$, : E  FRE <F? :
/! ).S21+$+ $#,!5/+ 7(+ /! ".,+%%+ )( ,1!$%0#1, $=+%, 0/(% #$%,!$,+A
B#(% !"#$% ,1!"!.//2 %#(% /=;K0#,;3%+ 7(=./ +8.%,!., !( *#.$% ($+ %#/(,.#$
!( 01#5/3*+ ENJF + 7(. +%, /#.$ )=!//+1 )+ %#.A T!.% 1!00+/#$% 7(+ $#,1+ #5-
U+,.> 2,!., ($.7(+*+$, )=+80/..,+1 /+% #*0#1,+*+$,% 0#%%.5/+% 0#(1 $#,1+
*#)3/+ : >!.5/+ .%!.//+*+$, !H$ )+ "!/.)+1 %#$ 0#,+$,.+/ M %. /+ *#)3/+ %=21#(-
/!., )!$% + )#*!.$+? ./ >!//!., /+ *#).H+1A
B#(% !//#$% 2$#$+1 7(+/7(+% 12%(/,!,% 7(. %#$, "!/.)+% )!$% !( *#.$%
)+(8 !% 7(. %#$, .$,21+%%!$,% )( 0#.$, )+ "(+ 1;2#/#G.7(+ M
!"#!$$%&%'( "!&)$% * =+%, /+ !% /#1%7(+ /! *!,1.+ M "!(,
M =
0 1 00 0 0
0 0 0
 .
V$ +S+, $#(% )+"#$% 1+,1#("+1 /+% *@*+% 12%(/,!,% 7(+ 0#(1 /+ *#)3/+
)=4251!()-6+7(+(8 7(. +%, 21., +$ .%!.//+*+$, P
 !"#$%&"($!  !
 !" #$!%&'"(!%%)$ * #$%& '$ (% ')*%+,$ '( -(&*.$ M /(,&
M =
2 0 00 −1 0
0 0 −1

), M =
1 0 00 −1 0
0 0 0
 .
0$ %)1& 2$% %.&,(&.)1% '(%%.+,$% 2(1% '$%+,$''$% '$ -(&3*.(, 1$ %,4.&
(,,1 .%(.''$-$1&5
6$% *3%,'&(&% 7$,/$1& %#3&$12*$ 8 2#(,&*$% (%9 -(.% $:7'..&$* '$% ;<7)&;=%$%
13$%%(.*$% 1#3'(.*.*(.& 7(% 7(*&.,'.=*$-$1& '$ 7*)4'=-$ > .' /(,& -.$,:
7(*),*.* '( 23-)1%&*(&.)1 $& %#(%%,*$* +,$ ;(+,$ ;<7)&;=%$ .1&$*-32.(.*$
$%& /3*.?3$ 7),* ,1 @)& $1 7(*&.,'.$*5
A),* 23*.*$ '$ *3%,'&(& 1),% 1)&)1% q = p|B $& r = p|R6\B )B B $%& '(
4),'$ ,1.&3 2$ R
6
5 C),% 1)&)1% $1)*$ θe(Σ) = |Σ|−1 '( 2.%&(1$ $:&3*.$,*$
8 '( %7;=*$ ,1.&35
+,#!-./) 01  ! "#$ %&'#()**#+#,-$ .$/+*-)-012#$ %32,# $)(2-0), %# D!EF
,# *#2'#,- .')04 12# -4)0$ 5)4+#$ 6
7 *4#+084# 5)4+#9 {
q(Σ) = Q
0
+ εQ
1
+ ε2Q
2
+ . . . ,
r(Σ) = R
0
+ εR
1
+ ε2R
2
+ . . . ,
D!GF
): Q
k
#- R
k
$),- %#$ 5),-0),$ %# Σ9
7 %#2<08+# 5)4+#9{
q(Σ) = Q
0
+ ε1/2Q
1
+ εQ
2
+ . . . ,
r(Σ) = ε1/2R1 + εR2 + . . . ,
D!HF
): Q
k
#$- 2,# 5),-0), %# Σ #- Rk 2,# 5),-0), %# (Σ/|Σ|, θe(Σ)/ε1/2)9
7 -4)0$08+# 5)4+#9{
q(Σ) = Q
0
+ ε1/5Q
1
+ ε2/5Q
2
+ . . . ,
r(Σ) = ε2/5R2 + ε3/5R3 + . . . ,
D!IF
): Q
k
#$- 2,# 5),-0), %# Σ #- Rk 2,# 5),-0), %# (Σ/|Σ|, θe(Σ)/ε2/5)!
=! >&?,0$$),$ E (. $)(2-0), %#{
−∆E = ρ %.,$ |Σ| ≤ 19
E = 0 $24 |Σ| = 19 DJKF
#- ,)-),$
µc = 2
−3/2
∫
|Σ|≤1
E(Σ)dΣ; DJLF
 !  !"#$%&"($!
 ! µ > µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#$% "% "#&%1
 ! µ = µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#'% "% "#&%1
 ! µ < µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#&%2
()**+ ), -+ .)/01 + 3456-070 +50 8-65 97/:-+ ;6+ 5), 7,7-)<6+ 1d1 -7 83)=
8)5/0/),  1 73 /- ,+ 8+3*+0 875 >?755)/+3 @ 6,+ <7**+ >+ µ 6, 5+6- 0A8+
>+ >4.+-)88+*+,0 75A*80)0/;6+ +B+804 >7,5 -+ 75 µ < µcC D7 37/5), +, +50
-7 56/.7,0+ E +, 1d1 -+ 83):-F*+ 9),>7*+,07- >+ 0A8+ "#&% 97/0 /,0+3.+,/3 6,+
4;670/), >+ 0A8+ F (c) = µ "-?/,),,6+ +50 c% +0 ,)65 57.),5 7-6-+3 -?+B=
83+55/), 7,7-A0/;6+ >+ F E ,)65 57.),5 >), >4*),03+3 ;6+ +00+ 9),0/),
+50 3)/557,0+ >+ 0 @ 1/2C (+ ,?+50 8-65 -+ 75 8)63 -+ *)>F-+ *6-0/>/*+,=
5/),,+- 73 -7 *),)0),/+ ,)65 4G788+ E ), 57/0 >4*),03+3 ;6+ -+ 83):-F*+
9),>7*+,07- 755)/4 76 >4.+-)88+*+,0 >+ 0A8+ "#&% +50 :/+, 8)54 8)63 µ 5/1
+0 5+6-+*+,0 5/1 23/2µ +50 6,+ .7-+63 83/5+ 873 6,+ +307/,+ 9),0/), F C (+00+
9),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∫
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α+ exp(β+(σ + 1)) %2 σ ≤ −1
α+(1− ρβ+ + ρβ+ exp((σ + 1)/ρ)) %2 −1 < σ ≤ 0
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√
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φµ(y)− φ¯µ(y) ∼ c1(µ)y2 "#$K&
12 y ;0)2 .0 I)50$
   !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
 !"!# $%&'()(*+%, .)/01+1(.* 2.% +3&3 µ ≤ 1/2
!" $% %&'" '($' $) µ '"%*) '& +,-. c(µ) '"%*) '& /. 0"$*1%2 3) '& 4"01"5"
'($' $) µ '"%*) '& +,-. φµ(y) '"%*) '& / $) y '"%*) '& /6 !" '(3) %""* '&
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F%*""*. Fµ $% 4" &%'1%3&3)0< &%'1%3"* $' {X = 0}6 H&C"5":. *3" '& '("
)I3$:" :&&'. '(" *":15$'15") &9 Fµ '"%*) '& +∞ $) X '"%*) '& /6 F' 1). '(3).
%&' ?&))140" '& &%'1%3" Fµ C1'( $ C1 :"230$:1'< &% $ %"12(4&3:(&&* &9 '("
$G1) {X = 0} $%* C" C100 %&' 4" $40" '& $??0< '(" 17?011' 93%'1&% '("&:"7
*1:"'0< &% Fµ $) C" *1* &% fµ 9&: µ > 1/26
!" :"7$:8 '($' 19 C" %&'"
Aµ(X, Y ) =
1
µ
[
2(cosh(Y )− 1)
Y 2
+X cosh(Y ) + (3
X
Y
+X2Y ) sinh(Y )
]
− ( 2
Y
+ Y X) sinh(Y )
B(X, Y ) =Y 2X2 + 4X
Cµ(X, Y ) =
1
µ
[
cosh(Y )− 1
Y 2
+
sinh(Y )
Y
+X cosh(Y )
]
− cosh(Y )
Fµ 1) 1% :"$01'< &9 '(" 9&:7
Fµ(X, Y ) = Aµ(X, Y ) +
√
B(X, Y )Cµ(X, Y ).
 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !
"# $%&' '( )#*(+# ',# -./%)# )((' '( )#*(+# ',# 0)(12#* (3 ',# (&'56
&/5'7 (3 ',# 8#)5+%'5+#9 "# ',/- 5&')(8/# ',# 3/&'5(& Gµ 8#:&#8 17
Gµ(X, Y ) = Aµ(X, Y )
2 − B(X, Y )Cµ(X, Y )2.
;,# )#2%'5(& Fµ(X, Y ) = 0 2#%)27 5*025#- Gµ(X, Y ) = 09 </' $# %)# 5&'#)6
#-'#8 5& ',# )#+#)-# 5*025%'5(& %&8 0%7 %''#&'5(& '( ',# -5=&- (3 ',# '#)*-
5& ',# #./%'5(&9 "# ,%+# 5& 3%' ',%' Fµ(X, Y ) = 0 5- #./5+%2#&' '(>{
B(X, Y ) = 0
Aµ(X, Y ) = 0
()

B(X, Y ) > 0
Aµ(X, Y ) = 0
Cµ(X, Y ) = 0
()

B(X, Y ) > 0
Aµ(X, Y )Cµ(X, Y ) < 0
Aµ(X, Y )
2 − B(X, Y )Cµ(X, Y )2 = 0
?@9@AB
"# ,%+# 02(''#8 (& C5=/)#- @9D %&8 @9 ',# /)+#- {Aµ = 0}E {B = 0} %&8
{Cµ = 0} %2(&= $5', ',# 0%)'- (3 ',# (X, Y ) 02%&# $,#)# $# ,%+# #./5+%2#&#
1#'$##& ',# )#2%'5(&- Fµ = 0 %&8 Gµ = 09 C5&%227E 2#' /- &('# ',%' Gµ 5-
%&%27'5 5& ',# $,(2# 02%&# (X, Y )9
 !"!# $%& ()& µ < 1/2
F& ',5- %-#E $# %)# 5&'#)#-'#8 5& ',# 0(5&'- (0, 1/c)E 3() $,5, B +%&5-,#-9
G(&-#./#&'27E Gµ +%&5-,#- %' (0, 1/c) 53E %&8 (&27 53 Fµ +%&5-,#- %&8 53E %&8
(&27 53E Aµ +%&5-,#-9 "# ,%+#>
Aµ(0, 1/c) =
2c2(cosh(1
c
)− 1)
µ
− 2c sinh
(
1
c
)
;,# 3/&'5(& χ : c 7→ c(cosh(1/c) − 1)/ sinh(1/c) 5- -')5'27 5&)#%-5&=E
'#&8- '( A $,#& c '#&8- '( A %&8 '#&8- '( 1/2 $,#& c '#&8- '( +∞9 ;,#&
3() %22 µ < 1/2E ',#)# #H5-'- % /&5./# c(µ) > 0E -/, ',%' Aµ(0, 1/c) = 09 "#
)#*%)I ',%' $# ,%+# ',# 3(22($5&= 0)(0#)'7>
∂Gµ(X, Y ) = 2A(X, Y )∂A(X, Y )− ∂B(X, Y )C(X, Y )2
− 2B(X, Y )C(X, Y )∂C(X, Y ).
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)& '& *+ )"+,-()(#, .()"&/-& '& 01
"#$%&' ()*+ ,'--#.$ /0 -1' A2B 3.4 C 0%.-#/.6 #. -1' 7X2Y 8 9:3.' 0/& µ = 0.3)
;1' $&'< 3&'3 /&&'69/.46 -/ -1' 93&-6 =1'&' Fµ(X, Y ) = 0⇔ Gµ(X, Y ) = 0)
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%&>'6 3&' 4'?.'4 /. -1' =1/:' 9:3.' '>'. #0 /.:< -1' 93&- X > 0 #6
91<6#3::< &':'>3.-)
=1'&' ∂ 4'./-'6 3 4'&#>3-#>' =#-1 &'69'- -/ '#-1'& X /& Y
@/= B(X, Y ) = Y 2X2 + 4X 6/ =' 13>' ∂XB(0, 1/c(µ)) = 4) A/.6'B
C%'.-:<2 ∂XG(0, 1/c(µ)) #6 'C%3: -/ −4C(0, 1/c(µ))2 =1#1 #6 ./- D'&/ 7/. -1'
/.-&3&<2 ∂YG(0, 1/c(µ)) #6 :'3&:< D'&/8 E'3%6' Cµ(0, 1/c(µ)) = c
2 sinh(1/c)+
c =1#1 #6 9/6#-#>' 736 c #6 9/6#-#>'8) F' -1'. 13>' ψ 3 6G//-1 0%.-#/.
73- :'36- C∞8 6%1 -13- ψ(1/c(µ)) = 0 3.4 Gµ(ψ(Y ), Y ) = 0 0/& Y #.
3 .'#$1E/%&1//4 /0 1/c(µ)) H/&'/>'& =' 13>' ∂Y ψ(1/c(µ)) = 0 E'3%6'
∂YG(0, 1/c(µ)) = 0)
F' ./= 13>' -/ 1'I #0 -1' 93&- Y 6= 0 /0 -1' %&>' Y 7→ (ψ(Y ), Y )2 #6
&'3::< -1' %&>' Fµ(X, Y ) = 0 6/ =' 13>' -/ 1'I -1' 6#$.6 /0 Aµ(ψ(Y ), Y )2
B(ψ(Y ), Y ) 3.4 Cµ(ψ(Y ), Y ) 3.4 >'&#0< #0 =' 3&' #. /.' /0 -1' 36'6 /0
JC%#>3:'.' 7()(K8) F' 61/= -13- =' 3&' #. -1' -1#&4 36')
F' 63#4 -13- =' 13>' Cµ(0, 1/c(µ)) > 0) ;1'. E< /.-#.%#-<2 0/& Y ./-
-// 03& 0&/G 1/c(µ)2 Cµ(ψ(Y ), Y ) #6 9/6#-#>') F' ./= 1'I -1' 6#$. /0
Y 7→ B(ψ(Y ), Y )) L- 1/c(µ) -1#6 0%.-#/. #6 D'&/ 3.4 /.' 3. 1'I -13- #-6
?&6- 4'&#>3-#>' 3:6/ >3.#61'6) M-6 6'/.4 4'&#>3-#>' 1/='>'& #6
4ψ′′(1/c(µ)) = ∂YAµ(0, 1/c(µ))
2/(2Cµ(0, 1/c(µ))
2).
N. -1' /-1'& 13.4 Y 7→ Aµ(ψ(Y ), Y ) >3.#61'6 3- 1/c(µ) 3.4 #-6 ?&6- 4'&#>3B
-#>' #6 ∂YAµ(0, 1/c(µ))) F' 3&' -1'. $/#.$ -/ 61/= -13- ∂YAµ(0, 1/c(µ)) < 02
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 ,-./0*)12 )3 φµ(y) /( y → 0  !
"#$# "$&& '&&(" )* +( (,&)-. +#'+ /(0 Y > 1/c(µ)1 Aµ(ψ(Y ), Y ) < 01
Cµ(ψ(Y ), Y ) > 0 ',- B(ψ(Y ), Y ) > 0 ',- +#'+ Fµ(ψ(Y ), Y ) = 02 3. ,(+. c
$,*+.'- (/ c(µ) /(0 +#. *'4. (/ *$56&$$+72 3. ,(" (56)+. ∂YAµ(0, 1/c(µ))8
∂YAµ(0, 1/c)) =
2
µ
(c2 sinh(1/c)− 2c3(cosh(1/c)− 1))
− 2(c cosh(1/c)− c2 sinh(1/c))
=
2c2
µ
sinh(1/c)− 2c cosh(1/c)− 2c
3
µ
(cosh(1/c)− 1)
9.')*. (2c3(cosh(1/c)− 1))/µ− 2c2 sinh (1/c) = 0 97 -.:,$+$(, (/ c(µ)2 ;.+
)* ,(" (,*$-.0 +#. /),+$(,
α : t 7→ 2t
2 sinh(1/t)2
t(cosh(1/t)− 1) − 2t cosh(1/t)
". #'<. +#'+ α(c(µ))− 2c
3
µ
(cosh(1/c) − 1) = ∂YAµ(0, 1/c) ',- +#'+ α(t) =
−2t2 3. ', +#)* (,&)-. +#'+ ∂YAµ(0, 1/c) < 02
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/(0 '&& Y > 1/c(µ)2 ?7 &.++$,@ Y @($,@ +( 1/c(µ) ". *.. +#'+ ". 5)*+ #'<.
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Y ψ(Y )
=
1
Y
/0(5
"#$# ". ', (,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φµ(y) ∼ c(µ)y $, ' ,.$@#9()0#((- (/ y = 0 /(0 µ < 1/22 A, +#$* '*. ". 6(*.
φ¯µ(y) = c(µ)y2 B* $, +#. '*. µ > 1/2 ". &((4 /(0 5(0. $,/(05'+$(, (, +#.
.C6',*$(, (/ φµ(y)2 3. )*. +#. 0.&'+$(, φµ(y) = ψ(y/φµ(y)) ',- )*. +#'+
ψ(Y ) = 1/2ψ′′(1/c)(Y − 1/c)2 + o(Y − 1/c)22 3. ', (,&)-. '/+.0 *(5.
(56)+'+$(, +#'+
|φµ(y)− φ¯µ(y)| ∼
√
c5/ψ′′(1/c)y3/2 DE2EEF
'* y @(.* +( G2 A,+.0.*+$,@&7 .,()@#1 ". -( ,(+ #'<. ' *.(,- +.05 (/ +#.
.C6',*$(, *$,. ". -( ,(+ 4,(" +#. *$@, (/ +#. -$H.0.,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 !"!" #$% '(% µ = 1/2
3. ', +0.'+ +#. 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+$(, G1/22 I$0*+&7 ". ,(+$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5(0. ". #'<. ∂XG1/2(0, 0) = −16 "#$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+$(,
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"#$%&' () * +',,#-$ ./ ,0' A1B 2-3 C /%-,#.-5 #- ,0' 6X1Y 7 892-' /.&
µ = 0.5) :0' %&;' G1/2(X, Y ) = 0 -''35 ,. 5,2&, 2, (0, 0) 2-3 <' 5'' ,02,
,0' ='02;#.%& ./ A 2-3 C 2, ,0#5 8.#-, #>8.5' 2 5,&.-$'& .&3'& ./ 2--%92,#.-
/.& ψ
3'8'-3 .- µ7) ?' 5,#99 -.,' ψ ,0' /%-,#.- 3'8'-3#-$ .- Y 5%0 ,02, ψ(0) =
0 2-3 <' 02;' #- ,0' ;##-#,@ ./ (0, 0)1 G1/2(X, Y ) = 0⇔ X = ψ(Y )) ?' -.<
0'A =@ #>89##, 3#B'&'-,#2,#.- ,02, ,0' C&5, ,0&'' 3'&#;2,#;' ./ ψ 2, D ;2-#50
2-3 ,02, ψ(4)(0) = 1/24) E.-5'F%'-,9@ ψ #5 8.5#,#;' #- 2 -'#$0=.%&0..3 ./
Y = 0) ?' 02;' C1/2(0, 0) = 2 <0#0 $#;'5 %5 ,0' 5#$- ./ C1/2(ψ(Y ), Y ) /.&
5>299 Y 2-3 <' -'G, 02;' ,. 0'A ,0' 5#$-5 ./ B(ψ(Y ), Y ) 2-3 A(ψ(Y ), Y ))
?' 0'A ,02, Y 7→ B(ψ(Y ), Y ) 025 #,5 3'&#;2,#;'5 2, Y = 0 'F%29 ,. H'&. %8
,. .&3'& I #-9%3'3 2-3 ,02, #,5 /.%&,0 3'&#;2,#;' #5 8.5#,#;' 2, Y = 0) :0%5
B(ψ(Y ), Y ) #5 8.5#,#;' /.& 5>299 Y ) J- ,0' .,0'& 02-31 ,0' C&5, 3'&#;2,#;' ./
Y 7→ A1/2(ψ(Y ), Y ) ;2-#50'5 2, Y = 0 2-3 #,5 5'.-3 3'&#;2,#;' #5 −1/3) ?'
,0%5 02;' ,02, A1/2(ψ(Y ), Y ) #5 -'$2,#;' /.& 5>299 Y ) ?' 2- -.< .-9%3'
,02, F1/2(ψ(Y ), Y ) = 0 /.& Y #- 2 -'#$0=.%&0..3 ./ D)
?' 02;' 2$2#- ,02,1 φ1/2(Y ψ(Y )) = ψ(Y ) /.& 299 Y 5>299 '-.%$0) ?'
.-9%3' #- ,0' 52>' >2--'& ,02, φ1/2(y) ,'-35 ,. D 2, y = 0) K.&'.;'&1
5#-' <' 02;' ψ(Y ) ∼ c0Y 4 <#,0 c0 = 1/2421 <' 02;' ,02, φ1/2(y)/y4/5 ,'-35
,. c(1/2) = c
1/5
0 <0'- y 3'&'25'5 ,. D) ?' 8.5' φ¯1/2(y) = c(1/2)y
4/5
)
?' -.< 0'A ,02, ψ(5)(0) = 0 2-3 ψ(6)(0) 6= 0 /&.> <02, <' 2- .-9%3'
,02,
φ1/2(y)− φ¯1/2(y) ∼ c1y6/5. 6()(L7
 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !
 !" #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''
"#$ %&'% $( &')( *+#)(, %&( -(&').#/+0 #1 %&( 1/2%.#2 φµ '0 .2 4+#*#0.%.#2
5657 #/+ '.8 .0 %# *+#)( %&( -(&').#/+0 #1 τ %&( %#%'9 0%+(006 :( $'2% %# 0&#$
%&'% .% (;&.-.%0 ' %+'20.%.#2 '% µ = 1/26 <&( *'%& .0 2#$ 0%+'.=&%1#+$'+,>
$( ?+0% #8*/%( %&( %#%'9 0%+(00 9.@( .2 A56BC -D .2%(=+'%.2= p '='.20% σ /0.2=
.%0 1#+8 =.)(2 -D A56EC6 %&(2 $( %+D %# ?2, %&( -(&').#/+ #1 %&( %#%'9 0%+(00
'0 ' 1/2%.#2 #1 y $&(2 y ,(+('0(0 %# F /0.2= #/+ *+().#/0 +(0/9%06 G#$()(+
0#8( '+( 0&#/9, -( %'@(2 '0 %# $&D %&( -(&').#/+ .0 #++(%6
 !"! #$% &'(%&& τ )& ) *+,'./, /* x ),0 y
H0.2= %&( 1#+8 A56EC #1 %&( 0#9/%.#2 #2( '2 #8*/%( %&( 8'+#0#*. 0%+(00
'%%'&(, %# %&( 0&('+ -D %&( 1#+8/9'∫
σ∈R
σp(σ)dσ = τ(x, y)
$&(+(
τ(x, y) =y +
x
2µy
− x
3
µy3
+
x2
y3∆(x, y)
(
y2
x
− 2(cosh
(y
x
)
− 1)
)
+
x3
y4∆(x, y)
(
y
((y
x
)2
+
4
x
)1/2
+ 2 sinh
(y
x
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∆(x, y) =
2x
y2
(
cosh
(y
x
)
− 1
)
+ cosh
(y
x
)
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(
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y
+ y
)
sinh
(y
x
)
+
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x
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+
4
x
)1/2 [(
x
y
)2 (
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(y
x
)
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)
+
x
y
sinh
(y
x
)
+ x cosh
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x
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 !"!1 2&345'/'.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L+#8 %&( *+().#/0 *'+'=+'*& $( '+( 2#$ '-9( %# #8*/%( %&( 8'+#0#*.
0%+(00 τ '%%'&(, %# ' =.)(2 0&('+ +'%( y6 <&(#+(%.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#8*/%( %&( 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%& '("&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τ(φµ(y), y) "#$%& '()(*+) ,-. ./01 .2 032 320445 $%1232#126 $% $# 1/2 72/08$-"3
-9 1/2 -%2 803$0742 9"%1$-% y 7→ τ(φµ(y), y) 01 y = 0) ;21 .2 6- %-1 <%-. φµ
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2 $1 $# -%45 &$82% $=>4$$145 75 '()?+) @-.2823 .2 6- <%-. 1/2 72/08$-"3
-9 φµ 01 y = 0 &$82% 75 1/2 2A>4$$1 9"%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-=>"126 $% B2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()C) D"3 /->2 $# 1- 630. 93-= 1/2 72/08$-"3 -9 τ(φ¯µ(y), y) 01 y = 0E 1/2
72/08$-"3 -9 τ(φµ(y), y)) F5 72/08$-"3 .2 =20% 1/01 .2 .0%1 1- G%6 1/2
G3#1 %-% H23- 123= -9 1/2 2A>0%#$-% -9 τ(φµ(y), y))
 !"#$"%&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&-$%& 1- "#2) K21 "# 9-3&21 9-3 0 =-=2%1 1/2 -3$&$% -9 -"3 >3-742= 0%6
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1$-% τ˜ 1/01 .2 .0%1 1- #1"65
04-%&#$62 0 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'*2+ τ˜ 03( '()' τ(φµ(y), y) = τ˜(φµ(y), y) )+,
'()' τ˜ (φ¯µ(y), y) :*1#0 '(# 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'*2+ fµ *+ '(# 9&0' 7.)# ;G##
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∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣* F2 2+'&2. '(# &*:(' ()+, 0*,# 24 ;!5! < -#
0## '()' -# +##, '(# %#()1*23& 24 τ˜(φ¯(y), y) -(*( -# :*1# +2-?
+) µ > 1/2 τ˜ (φ(y), y) ∼ η(µ)y5
+) µ < 1/2 τ˜ (φ(y), y)→ τ0(µ)5
+) µ = 1/2 τ˜ (φ(y), y) ∼ 242/5/12y1/55
K+ '(# #+, '(#0# %#()1*23&0 -*.. ).02 %# '(# &#07#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 ! µ > 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣  !"#$!% &'(! y)
 ! µ < 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣  !"#$!% &'(! y3/2)
 ! µ = 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣ #&%*  !"#$!% &'(! y)
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∫ 1
0
|∂xτ˜ (sφ(y) + (1− s)φ¯(y), y)|ds
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1,( µ > 1/22 5. 7.7&1: 1$+ 7. .+&%+ "2+# +#$ .26*1$.+ &.$ µ > 1/24
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)-+2-72+3 &+ (c, 0) "#$- c > 04 @+ 2.
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+)% "2+# 2+. *$&0 &+ (0, 0) &-(
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*$ 8.B %8*%
&$ )*% %8&( /*(% %.+- *$ 0. (..$ *( * #$%&$'#'( )'$%&#$ #) y1/5/t >&% *$
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φ¯1/2(y) = 1/24
2/5y4/5 *$1 %8*% 03 >?5?@A|φ1/2(y)− φ¯1/2(y)|/y4/5 &( 0#'$1.1 *(
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∫ 1
0
|∂xτ˜ (sφ1/2(y) + (1− s)φ¯1/2(y), y)|ds ≤M/y3/5
*$1 2. *$ #$/'1. &$ %8&( *(. %##C '(&$, *,*&$ >?5? A *$1 >?5@AC %8*%
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%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
0 = −λb∂σp−Deh(σ)p+ µDeΓ∂2σp
"# R
∗
$ %& (# )(*+,- .) *",/)0 "# )(1 "2)# +#&)3/(, ]−∞,−1[4]− 1, 0[4]0, 1[
(#0 ]1,∞[ (#0 *+#) &1) )56(&+"# +* "7 "30)3 &8" "# )(1 +#&)3/(,4 8) 1(/) &8"
0)93))* "7 73))0": &" &6#) &1) *",6&+"# "# )(1 +#&)3/(,$ ;# &1) 6#."6#0)0
+#&)3/(, 8) *)& "#) "7 &1) "#*&(#& &" < +# "30)3 &" *6223)** (# )=2"#)#&+(,
93"8&1 &1(& 8"6,0 23)/)#& &1) *",6&+"# 73": .)+#9 +# L1$ >)=& 8) ?= &1)
"#*&(#& "# &1) "&1)3 +#&)3/(, .- )#7"3+#9 C1 3)96,(3+&- (& @A (#0 A$ >"8
"#) "6,0 8"#0)3 81- C1 81+,) 8) (3) ,""B+#9 7"3 *",6&+"# +# H1(R) 81+1
(3) :)3),- "#&+#6"6* "# &1) 3)(, ,+#)$ %& +* .)(6*) +7 &1)3) 8)3) C6:2*
+# &1) 0)3+/(&+/) "7 p (& @A "3 A4 &1+* 8"6,0 +#06) D+3( :)(*63)* (& &1)*)
2"+#&* +# &1) *)"#0 "30)3 0)3+/(&+/) (#0 8) 1(/) #"&1+#9 +# &1) )56(&+"#
&1(& 8"6,0 ":2)#*(&) &1)*) D+3( :)(*63)*$
 !"#$%%&'( ') *+$ ,'-.*&'( ') EA$FGH/ I1) 76#&+"#* p 81+1 *",/) EA$FGH +#
&1) *)#*) "7 0+*&3+.6&+"# "# R
∗
(#0 81+1 (3) +# C1(R∗) (#0 /)3+7-∫
R∗
p2 +
∫
R∗
(∂σp)
2 <∞
(3) 9+/)# .- &1) 7",,"8+#9 7"3:6,()J
p(σ) =

α+ exp(β+(σ + 1)) +7 σ ≤ −1
α+(1− ρβ+ + ρβ+ exp(1
ρ
(σ + 1))) +7 −1 < σ ≤ 0
α−(1− ρβ− + ρβ− exp(1
ρ
(σ − 1))) +7 0 < σ ≤ 1
α− exp(β−(σ − 1)) +7 1 < σ
EA$F H
81)3) β+4 β− (3) &1) 3""&* E3)*2)&+/),- 2"*+&+/) (#0 #"# 2"*+&+/)H "7 &1)
)56(&+"#
µDeΓX2 − λbX −De = 0 EA$FKH
(#0 ρ +* µDeΓ/(λb) = 1/(β++β−)$ L- &1) 0)?#+&+"# "7 β± (#0 ρ 8) 3):(3B
&1(& 8) 1(/)J
1− ρβ± = ρβ ∓ . EA$FMH
I1) 0)93))* "7 73))0": (3) #"8 α+ (#0 α−$
0$*$#1&(2*&'( ') *+$ α± .%$3 &( EA$MH/ I" ?= α+ (#0 α− 8) +:2"*)
"#&+#6+&- (& σ = 0 E.)(6*) (* 8) *(+04 8) (3) +#&)3)*&)0 +# *",6&+"#* +#
 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %&
H1(R) '()* ,-'.-),)*# /-0
∫
p = 1" 1(2*2 '3, ,-0.'.,-* 4.52 )* '(2
6,77,3.-4 *8*'29 ,- α+:α−;

0 =
(
1− ρβ+ + ρβ+e1/ρ
)
α+ −
(
1− ρβ− + ρβ−e−1/ρ
)
α−
1 =
(
1
β+
+ (1− ρβ+) + ρ2β+
(
e1/ρ − 1))α+
+
(−1
β−
+ (1− ρβ−) + ρ2β−
(
1− e−1/ρ))α−
 !"$<#
 !"#$%&% () α±* =>,5.020 '(/' '(2 02'2>9.-/-' ,6 '(.* *8*'29 .* -,' ?2>,
32 (/52 @A20 / )-.B)2 ,)C72 (α+, α−)" D2' )* (2E '(/' '(.* .* '(2 /*2 F8
,9C)'.-4 '(.* 02'2>9.-/-';
∆ =2− ρ2β+β−
(
cosh
(
1
ρ
)
− 1
)
+ cosh
(
1
ρ
)
+
(
− 1
ρβ+β−
+ 3ρ
)
sinh
(
1
ρ
)
+ (β+ − β−)
[
ρ2
(
cosh
(
1
ρ
)
− 1
)
+ ρ sinh
(
1
ρ
)
− 1
β+β−
cosh
(
1
ρ
)]
.
 !"$&#
G2 *22 '(/' .- 6/' ∆ > 0  >2929F2> '(/' β+ > 0: β− < 0 /-0 *.-2 b > 0:
1/ρ > 0#"
+(#"$","$- () α±* H' '(.* C,.-' 72' )* /7*, (2E '(/' α± > 0" G2 (/52 F8
I>/92>J* >)72 6,> 7.-2/> *8*'29*;
∆α+ = 1− ρβ− + ρβ−e−1/ρ /-0 ∆α− = 1− ρβ+ + ρβ+e1/ρ.  !"KL#
M*.-4 N29/>E  !"$O#: 32 (/52 1−ρβ−+ρβ−e−1/ρ 2B)/7 ', ρ(β++β−e−1/ρ)"
P)' *.-2 β− < 0 /-0 ρ > 0 32 (/52 e
−1/ρ < 1 /-0 β−e
−1/ρ > β− /-0 '()*
β++ β−e
−1/ρ > β++ β− > 0" I,-*2B)2-'78: α+ > 0 /-0 '(2 */92 (,70* '>)2
6,> α−" N2')>-.-4 ', 2B)/'.,-  !"O# 32 *22 '(/' '(2 C,*.'.5.'8 ,6 α± 4.52*
'(2 C,*.'.5.'8 ,6 '(2 6)-'.,- p ,- ]−∞,−1[ /-0 ]1,+∞[" P)' *.-2 α+: β+
/-0 ρ />2 C,*.'.52: .' ')>-* ,)' '(/' p .* .->2/*.-4 ,- '(2 .-'2>5/7 ] − 1, 0[
/-0 *.-2 .'* 5/7)2 /' −1 .* F8 ,-*'>)'.,- α+ > 0: p >29/.-* C,*.'.52 ,-
] − 1, 0[" H4/.- '(2 */92 (,70* '>)2 ,- ]0, 1[" Q,'2 '(/' 6>,9  !"$&#R !"KL#:
α± 02C2-0 ,- ρ /-0 β± 3(.( .- ')>- 02C2-0 ,- b /-0 Γ"
 !"!# $%&'()* +,- )%)&()-./ 0/%1&-2  !"#$%3 !"#&%
."!"&/ Γ 0#"&/  !"$S#* D2' )* *)9 )C 3(/' 32 (/52 ,F'/.-20 *, 6/>" G2
(/52 -,3 / 6)-'.,- p 3(.( 7.2* .- H1(R) '(/' *,752  !"$K# .- '(2 *C/2
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
D′(R∗) "#$" %& "' &$( %) "#* &*)&* '+ ,%&"-%./"%') ./" 0%"# "*&" +/)"%')&
%,*)"%$22( 3*-' %) $ )*%4#.'/-#'', '+ 3*-'5 6* $2&' #$7* "#$" p > 0 $),∫
p = 18 "#* &*'), ')&"-$%)" .*%)4 *9$"2( "#* &*'), *:/$"%') '+ &(&"*;
<=5>?@ $), 0* #$7* &'8 +'- *7*-( A'&%"%7* Γ5 6* )'0 $,B/&" Γ8 &' "#$" <=5>C@
%& &$"%&D*,5 E' ,' "#%& 0* %)"*4-$"* p +'- |σ| > 1 /&%)4 <=5F@5 G) "*-;& '+ α±8
<=5>C@ $;'/)"& "'H
α+
β+
− α−
β−
= Γ. <=5I=@
E#%& %& $ )')2%)*$- %;A2%%" *:/$"%') ') Γ .*$/&* $& 0* ;*)"%'))*, .*+'-*
α± $), β± ,*A*), ') Γ5 J*" /& $,;%" +'- "#* ;';*)" "#$" "#%& *:/$"%') #$&
$ /)%:/* &'2/"%') 0#%# ;*$)& "#$" $& 2')4 $& 0* 4%7* $ A'&%"%7* b 0* $)
D), $ /)%:/* A'&%"%7* Γ "#$" &$"%&D*& <=5I=@5 J*" /& &** )'0 "#$" 0* #$7*
+'/), $ &'2/"%') "' <=5=@5
 !""# $%&$ p '"()*' <=5=@ +, D′(R)- 6* )'0 &#'0 "#$" p 7*-%D*& %) +$"
<=5=@ ') "#* 0#'2* -*$2 2%)*5 6* )'"* "#$" p %& ')"%)'/& ') "#* -*$2 2%)* $),
,%K*-*)"%$.2* *9*A" $" σ = 05 G"& ,*-%7$"%7* %) D′(R) %& "#/& %"& ,*-%7$"%7*
$2;'&" *7*-(0#*-*5 E#* ,*-%7$"%7* ∂σp .*%)4 ')"%)'/& *9*A" $" σ = 0 $),
,%K*-*)"%$.2* *9*A" $" σ ∈ {0,−1, 1} %"& ,*-%7$"%7* %& %"& ,*-%7$"%7* $2;'&"
*7*-(0#*-* A2/& "#* B/;A $" !8 [∂σp]0δ0(σ)5 L%)* p 7*-%D*& <=5=@ $2;'&"
*7*-(0#*-*8 %" %& ')2( 2*+" "' &#'0 "#$"H
−µDeΓ[∂σp]0 +DeΓ = µDeΓ(α−β−e−1/ρ − α+β+e1/ρ) +DeΓ
= 0
0#%# .*';*&
α+β+e
1/ρ − α−β−e−1/ρ = 1/µ. <=5I>@
6* ;/2"%A2( <=5I>@ .( ∆ $), /&* <=5I!@ "' '."$%)H
β+e
1/ρ(1− ρβ− + ρβ−e−1/ρ)− β−e−1/ρ(1− ρβ+ + ρβ+e1/ρ) = ∆/µ
0#%# %& *:/%7$2*)" "'
β+e
1/ρ(1− ρβ−)− β−e−1/ρ(1− ρβ+) = ∆/µ
$), "#*) "'
ρ(β2+e
1/ρ − β2−e−1/ρ) = ∆/µ.
E#$"M& 0#$" 0* 0$)" "' A-'7*5
6* )'0 /&* <=5I=@ "' '."$%)H
α+
β+
− α−
β−
= Γ ⇔ α+β− − α−β+ = Γβ+β−.
 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %!
&')**+,- ./). β± )0' 011.2 13 '45).+1,  !"$%#6 7' /)8' β+β− = −1/µΓ
),9 ./'0'310' α+β− − α−β+ = −1/µ" :' ;5*.+<*= >= −∆ ./+2 '45)*+.= ),9
52'  !"?@# .1 1>.)+,A
∆
µ
= β+(∆α−)− β−(∆α+)
= β+(1− ρβ+ + ρβ+e1/ρ)− β−(1− ρβ− + ρβ−e−1/ρ)
= β+(ρβ− + ρβ+e
1/ρ)− β−(ρβ+ + ρβ−e−1/ρ)
= ρ(β2+e
1/ρ − β2−e−1/ρ).
B/' C5;< 1,9+.+1, +2 ./52 8'0+D'9" :' ), 2'' +, 3). ./).  !"?$# +2
'45+8)*',. .1  !"?!#" B/52 ./' 1,*= 21*5.+1, +, D(R) 13  !"$?# )0' +, 3).
21*5.+1,2 13  !"!#" B/+2 +2 ,1. ./). 250<0+2+,- 2+,' +3 1,' +,.'-0).'2 '45).+1,
 !"$?# 18'0 ./' 0')* *+,' =15 1>.)+,  !"#$"#  !" Γ = Γ(p)#
$!" %& '() *+, %&  + -*.(/& "*. !+, ,( "* -&( 12#324  + 56 Γ "*. 7(
&-/(  !" 8 "& ,( '"%9(.8  !(/( (6%& & " -*%:-( Γ  !" 5 &  !( +*&%& (*;
(:-" %+*#
 !"!# $%&'((* +,'-*(./0 *1-* '(/2 Γ -/3 b
<+ +7 "%* "* (6='%% )-* %+*  !" >%?(& %9='%% '; Γ ,( @-& !"?(  + -&(
12#324 "*. -&(  !( ?"'-( +) α± >%?(* 7; 12#AB4 "*. 12#3C4 # D %& ("&%(/
 + -&( *(, ?"/%"7'(& .(5*(. 7; x = µΓ "*. y = λb/De# E -"''; x %&
 !( *+*.%9(*&%+*"' .%F-&%+* +(G%(* %* & /(&& &="( ,!%'( y = γ˙/γ˙c ,% !
γ˙c = G0T0/σc  !( /% %"' &!("/ /" ( %*  !( &;& (9# H( -& 7(>%* 7; /(,/% %*>
∆ ,% !  !(&( ?"/%"7'(&I
∆(x, y) =
2x
y2
(
cosh
(y
x
)
− 1
)
+ cosh
(y
x
)
+
(
3x
y
+ y
)
sinh
(y
x
)
+
((y
x
)2
+
4
x
)1/2 [(
x
y
)2 (
cosh
(y
x
)
− 1
)
+
x
y
sinh
(y
x
)
+ x cosh
(y
x
)]
.
J+, -&%*>  !( +*&%& (*; (:-" %+* 12#324 ,( 5*.  !" 
∆Γ =(2ρ− 1/(ρβ+β−)) sinh(1/ρ)− (β+ − β−)/(β+β−) cosh(1/ρ)
,!%! ,( ,/% ( %*  !( 1x8y4 ?"/%"7'(& -&%*>  !( " -"' ?"'-(& +) β± %*  (/9&
+)  !( +(G%(* +) 12#AK4
1
µ
∆(x, y)x = x
((y
x
)2
+
4
x
)1/2
cosh
(y
x
)
+
(
2
x
y
+ y
)
sinh
(y
x
)
.
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
"# $%& '()# *'# +#,-.#+ -/01--* 34$*-%$ 1-$5-$6 Γ ($+ b7
fµ(x, y) =
1
µ
[
2x2
y2
(
cosh
(y
x
)
− 1
)
+ x cosh
(y
x
)
+
(
3x2
y
+ xy
)
sinh
(y
x
)
+
√
y2 + 4x
(
x2
y2
(
cosh
(y
x
)
− 1
)
+
x
y
sinh
(y
x
)
+ x cosh
(y
x
))]
−
√
y2 + 4x cosh
(y
x
)
−
(
2x
y
+ y
)
sinh
(y
x
)
.
($+ &# &($* fµ(x, y) = 08 9$*#.#,*-$61: #$%46'; *'-, 34$*-%$ +#0#$+, %$
*'# $%$+-/#$,-%$(1 %$*.%1 0(.(/#*#.8
<$ *'# %0#$ =4(.*#. 01($#{x > 0; y > 0} ; fµ(x, y) = 0 -, #=4-)(1#$* *%
g(x, y) = µ &-*'7
g(x, y) =
2x2
y2
(
cosh
(
y
x
)− 1)+ x cosh ( y
x
)
+
(
3x2
y
+ xy
)
sinh
(
y
x
)
√
y2 + 4x cosh
(
y
x
)
+
(
2x
y
+ y
)
sinh
(
y
x
)
+
√
y2 + 4x
(
x2
y2
(
cosh
(
y
x
)− 1)+ x
y
sinh
(
y
x
)
+ x cosh
(
y
x
))
√
y2 + 4x cosh
(
y
x
)
+
(
2x
y
+ y
)
sinh
(
y
x
) .
9* -, #(,: *% '#5 *'(* 3%. ( 6-)#$ y > 0 *'# 34$*-%$ x 7→ g(x, y) *#$+, *% >
(, x *#$+, *% > ($+ *#$+, *% -$?$-*: (, x *#$+, *% -$?$-*:8 @-$# -* -, %A)-%4,1:
%$*-$4%4,; *'-, 64(.($*##, *'(* *'#.# #B-,*, (* 1#(,* %$# Γ *'(* ,%1)#, *'#
%$,-,*#$: #=4(*-%$ ($+ &# '()# (* 1#(,* %$# ,%14*-%$ *% %4. 0.%A1#/8 9$
3(* &# ($ ,'%& *'(* ∂xg(x, y) > 0 3%. (11 x ($+ y 0%,-*-)#8 C'-, 6-)#, 4, (*
*'# ,(/# *-/# *'# 4$-=4#$#,, &# 1(-/#+ ($+ *'# .#641(.-*: %3 *'# 34$*-%$
6-)-$6 x -$ *#./, %3 y8 "# $%& -$*.%+4# φµ *'# -/01--* 34$*-%$ ,(*-,3:-$6
∀y > 0 ∀µ > 0 fµ(x, y) = 0⇔ g(x, y) = µ⇔ x = φµ(y).
 !"! #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  !  !
 !" #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  ! 
"# $%&# %' ()%* *#(%,' *,-# .#(/%0* ,' ()# ,-12(/(%,'* 3,4 ()# 2'%52#'#**
1/4( ,3 64,1,*%(%,' 7878 9#-#-:#4 ()/( ;# )/&#<
g(x, y) =
2x2
y2
(
cosh
(
y
x
)− 1)+ x cosh (y
x
)
+
(
3x2
y
+ xy
)
sinh
(
y
x
)
√
y2 + 4x cosh
(
y
x
)
+
(
2x
y
+ y
)
sinh
(
y
x
)
+
√
y2 + 4x
(
x2
y2
(
cosh
(
y
x
)− 1)+ x
y
sinh
(
y
x
)
+ x cosh
(
y
x
))
√
y2 + 4x cosh
(
y
x
)
+
(
2x
y
+ y
)
sinh
(
y
x
)
/'. ;# ;/'( (, 14,&# ()/( ∂xg(x, y) > 0 3,4 /'= $%&#' x /'. y :,() 1,*%(%&#8
"# >4*( ,-12(# ∂xg(x, y)<
∂xg(x, y) =
1√
y2 + 4x cosh
(y
x
)
+
(
2
x
y
+ y
)
sinh
(y
x
)×
[
4x
y2
(
cosh
(y
x
)
− 1
)
−2
y
sinh
(y
x
)
+cosh
(y
x
)
−y
x
sinh
(y
x
)
+
(
6x
y
+ y
)
sinh
(y
x
)
−
(
3 +
y2
x
)
cosh
(y
x
)
+
2
(
x2
y2
(
cosh
(y
x
)
− 1
)
+
x
y
sinh
(y
x
)
+ x cosh
(y
x
))
√
y2 + 4x
+
√
y2 + 4x
2x
y2
(
cosh
(y
x
)
− 1
)
−
cosh
(y
x
)
x
+ cosh
(y
x
)
− y
x
sinh
(y
x
)]
− 1(√
y2 + 4x cosh
(y
x
)
+
(
2
x
y
+ y
)
sinh
(y
x
))2×
2 cosh
(y
x
)
√
y2 + 4x
− y
x2
√
y2 + 4x sinh
(y
x
)
+
2
y
sinh
(y
x
)
−
(
2
x
+
y2
x2
)
cosh
(y
x
)×
[
2
x2
y2
(
cosh
(y
x
)
− 1
)
+ x cosh
(y
x
)
+
(
3
x2
y
+ xy
)
sinh
(y
x
)
+
√
y2 + 4x
(
x2
y2
(
cosh
(y
x
)
− 1
)
+
x
y
sinh
(y
x
)
+ x cosh
(y
x
))]
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%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
"# $%&'() *+$ %& )-./)**0#& 12$#*) *03& 0* %&45$0&3 6+5 #670#+*8 2) /)'+)
5# 5$) *%9) ')&#90&%5#/ %&' 2/05) 5$) &+9)/%5#/ %&' 5$) ')&#90&%5#/
%* .#(4&#90%(* #: 5$) 7%/0%6()* x; y; c = cosh(y/x); s = sinh(y/x); %&'
r =
√
y2 + 4x< =) #65%0&>
∂xg(x, y) =
1
y
(
rcy + 2xs+ sy2
)2
r
×(− 4xy3 + 4x2y + 2y5c2 − 12x3s− 2y4s− y5c− y5r + 14x2c2ry
+ 4x2rcs− 4xrcy − 8xy2rs− 2xy3rc− 8x2yrc− y5 + 8rxcsy2 + 2y5c2r
+ 2y6cs+ 2cy4rs+ 12xc2ry3 + 34x2y2cs+ 16xy4cs+ 12xc2y3 + 16x2c2y
− 6x2yr − 2xy4s− 8xy2s− 4x2rs+ 4xry + 12x3cs− 2y3rc− 6xy3r
− 12x2y2s− y4rs− 20x2cy − 10xy3c)
?* y %&' x %/) .#*0507) c; s %&' r %/) %(*# .#*0507)< @# 5$) ')&#90&%5#/ 0*
.#*0507) %&' 0& 5$) &+9)/%5#/; % 9#&#90%( 0* .#*0507) 0: 05 $%* % .(+* %&'
&)3%507) 0: 05 $%* % 90&+*< "$) 5/0A 5# *$#2 5$%5 5$) &+9)/%5#/ 0* .#*0507) 0*
5# #960&) 9#&#90%( %&' +*) 5$) :%5 5$%5 c−1 > 0 %&' s−y/x > 0< B)5 +*
307) %& )-%9.()< "$) &+9)/%5#/ #&5%0&* 16x2y2c2+4x2y+12x3cs−8xy2−
12x3s − 20x2yc 1)-./)**0#& 2$0$ 0& :%5* #&5%0&* 5$) &)3%507) 9#&#90%(
5$%5 2)/) 5$) 9#*5 '0C+(5 5# #960&) 5# #65%0& % .#*0507) D+%&50548< E&)
%& $)A 5$%5 0& :%5 5$0* )-./)**0#& %& 6) 2/055)& +&')/ 5$) :#/9 8x2yc(c−
1) + 12x3(c− 1)(s− y/x) + 8x2ys(s− y/x) 2$0$ 0* &#2 ()%/(4 .#*0507)< ?*
% /)*+(5 2) #65%0& 12) 2/05) t 0&*5)%' #: y/x8>
∂xg(x, y) =
1
y
(
rcy + 2xs+ sy2
)2
r
×[
2xy3rc (c− 1) + 12x3 (c− 1) (s− t) + 2xy3 (c2 − 1)+ y5r (c2 − 1)
+ y5c (c− 1) + y5 (c2 − 1)+ 2xy2rc (s− t) + 6x2yrs (s− t) + 2xy2rs (c− 1)
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−) + ρβ+β−(e
1/ρ + e−1/ρ)
= ρ(β+ + β−)
2 − 2ρβ+β− + 2ρβ+β− cosh(1/ρ)
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∫
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1
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)-'/. 6)0
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1. A')/ /%2&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)6 /(&. 3&./0&5-/&)' &' /&*,7 8(, C-#'/&/% p(t, σ)dσ #' 5, -'3,0./))3 #. /(,
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./0,.. ./#/, σ A;&/( *#0+&' dσB #/ /&*, t7 D/ &. 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τ(t) =
∫
σ∈R
σp(t, σ)dσ. AE7FB
G, ')/, /(#/ 6)0*-$#/&'+ /(, *)3,$ &' /,0*. )6 )'$% )', ./0,.. 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&. #' )4,0.&*2$&H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:,/ -. '); +&4, /(, ,4)$-/&)' ,C-#/&)' )6 p7 N-22)., /(#/ #/ /&*, t /(,
.(,#0 0#/, /(0)-+()-/ /(, .#*2$, &. γ˙(t)7 8(,' ;, (#4,
∂tp(t, σ) = −G0γ˙(t)∂σp(t, σ)− 1
T0
1(σ)[−σc,σc]cp(t, σ)+Γ(p)(t)δ0(σ)+αΓ(p)(t)∂
2
σp(t, σ),
AE7OB
;(,0, G0= σc= T0 #'3 α #0, *#/,0&#$ )'./#'/. 0,.2,/&4,$% #$$,3 ,$#./&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/&)' )6 /(, )*2$,*,'/ )6 /(, .,+*,'/ [−σc, σc]
&' /(, 0,#$ $&',7 8(, /,0* Γ(p)(t) &. 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Γ(p)(t) =
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∫
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Σi(t+ dt)− Σi(t) = G0γ˙(t)dt. BC8 D
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"& )*6 ()"( p
′
2$++$97 ()*
2$++$9-&3 *;%"(-$&?
∂t′p
′(t′, σ′) = −G0
σc
(T0γ˙(t
′T0))∂σ′p
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α
σ2c
Γ′(p′)(t′)∂2σ′p
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∫
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p′(t′, σ′)dσ′.
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0 = −λ(T0γ˙)∂σp(σ)− 1(σ)[−1,1]cp(σ) + Γ(p)δ0(σ) + µΓ(p)(t)∂2σp(σ).
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( R
0
,)' R0 ,3( /#*0 2(3#9 Q
0
87&* E,)%&0
#) *0( /#7)',3. #6 [−1, 1]4 B%),--. $%*0 c˜0 = 09 Q0 87&* /( #6 %)*(?3,- 14
"#$ *0(3( ,3( *$# 1#&&%/%-%*%(&4 @6 2l > s *0() *0( H3&* )#) *3%E%,- (=7,*%#)
6(,*73%)? Q
0
%& 6#3 IJ4JK,L $%*0 k = s ,)' %& &%81-. ∂σQ
0
= 04 C0%& -(,'&
*# , #)*3,'%*%#) /(,7&( Q
0
$#7-' *0() /( , #)&*,)* $0%09 ?%E() *0(
/#7)',3. #)'%*%#)&9 %& 09 $0%0 %& %)#81,*%/-( $%*0 *0( #)&*3,%)*4 C07&
$( 87&* 0,E( 2l = s4
C0() *0( (=7,*%#) #) Q
0
#8(& 63#8 IJ4JK,L9 k = 2l ,)'9 &78& 71 *#
<.&*(8 IJ4KJL4 @*& &#-7*%#) %& ?%E() /. M=4 IJ4KNL ,)' %) 1,3*%7-,3 $( 0,E(
µ < 1/244 F( &*%-- 0,E( *# &(( $0,* l #3 s %&4 C0( H3&* /#7)',3. 13#H-( *#
/( )#) 2(3# %& Rl ,)' %* ?%E(& /#7)',3. #)'%*%#)& *# *0( 13#/-(8 #6 Q
l
4 @*
%& *0() (,&. *# &(( *0,* *# 8%)%8%2( *0( )78/(3 #6 )#) *3%E%,- 13#/-(8& #)(
,) *,A( l = 1 ,)' *07& s = 24
 !""# $%'%  ! c˜0 = 0 "#$ 2l + 1 ≤ s &'(#
/, µ = 1/2%
 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !
 ! l ≥ 2 "#$ 2s = 5l%
&! '#( "# *"+( l = 2 "#$ s = 5!
,-''.! "# $% &'% () *+% -).(*(-)/ -# *+% 0%11& *+%) *+% #2).&1%)*&0 3'-40%1
(/ 56/*%1 789!:;9 <% +&=% *+% #2).&1%)*&0 /-02*(-) >(=%) 46 789!?;@ 42* )-*
cl@ &). *+% 1-/* .(A20* 3&'* (/ *- B). *+% '(>+* 4-2).&'6 0&6%' /(C% &).
%D3&)/(-) /&0%9 E- .- *+&*@ $% -132*% *+% B'/* )-) *'(=(&0 4-2).&'6 0&6%'
3'-B0%9 <% *&F% k = 2l () 7898!4; 7&* *+(/ 3-()* (* .-%/ )-* 1&**%' (# 2l (/
0-$%' -' >'%&*%' *+&) s−l 4%&2/% &00 *+% Rk &'% C%'- #-' k < l; &). 4-2).&'6
-).(*(-) 7898!>; *- B). *+&* Rl /&*(/B%/G
− µcl∂2zRl(±1, ·) +Rl(±1, ·) = 0,
∂zR
l(−1, 0) = 1,
∂zR
l(1, 0) = 1.
$+-/% /-02*(-) (/ Rl(±1, z) = √µcl exp(−z/√µcl)9
H-$ 0%* 2/ %D&1()% *+% %I2&*(-)/ 7898!&; -4%6%. 46 Q
p
9 E+% B'/* %I2&J
*(-) *- +&=% Q
p
() & )-)*'(=(&0 1&))%' (/ #-' k = 2l + p 4%&2/% *+% B'/*
)-)*'(=(&0 c˜k (/ #-' k = 2l9 ") *+(/ %I2&*(-) *+%'% &'% *$- 3-//(40% K%D*%')&0
#-'%/L9 M('/* &'% *+% 4-2).&'6 -).(*(-)/ 7898!%;9 E+% B'/* )-) C%'- 4-2).J
&'6 -).(*(-) #-' & Q
k
&'% #-' k = l9 E+% /%-). K%D*%')&0 #-'%L (/ *+% *%'1
-# *+% #-'1 ∂k−sσ 9 E+% B'/* Q
k
*- +&=% & )-) *'(=(&0 *%'1 -# *+(/ #-'1 (/ $+%)
k = s *+&* (/ #-' *+% %I2&*(-) ()*'-.2()> Q
s−2l
9
"* (/ %&/6 *- /%% 46 ().2*(-) *+&* #-' 1 ≤ k ≤ min(s − 2l, l) − 1 *+%
Q
k
&'% C%'- 4%&2/% *+%6 +&=% )- K%D*%')&0 #-'%L &). *+%6 &*2&006 #-00-$ &
0()%&' %I2&*(-) 7&0/- 7898!+; >(=%/ *+% -)/*'&()*
∫ 1
−1
Q
k
(σ)dσ = 0 &/ 0-)> &/
1 ≤ k ≤ 2l − 1 $+(+ (/ -# -2'/% /&*(/B%. 46 & *'(=(&0 Qk;9
"# $% +&. l < s − 2l *+%) $% $-20. +&=% 2l + l ≤ s − 1 &). Ql $-20.
/&*(/#6 *+% #-00-$()> 3'-40%1G
− µcl∂2σQ
l
= 0,
Q
l
(±1) = Rl(±1, 0),∫ 1
−1
Q
l
(σ)dσ = 0.
5()% $% +&=% Rl(1, 0) = Rl(−1, 0) = √µcl $% 0%&'06 +&=% Ql(σ) = √µcl@
42* *+(/ 0%&./ *- & -)*'&.(*(-) 4%*$%%) cl 6= 0 &).
∫ 1
−1
Q
l
(σ)dσ = 09 E+(/
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
"#$%& '# "(&) *$+# s − 2l ≤ l $%, )*(& )*# -.&) )#." )/ *$+# $% #0)#.%$1
2/.# 4& Q
s−2l
5 '*/&# #6($)4/% 4& 74+#% 89 :!;!<$= '4)* k = s; >*4& 1#$,& )/
Q
s−2l
)/ &$)4&29 )*# ?./81#"
− µcl∂2σQ
s−2l
+ ∂σQ
0
= 0,
Q
s−2l
(±1) = Rl(±1, 0), 42 s− 2l = l,
Q
s−2l
(±1) = 0, 42 s− 2l < l,∫ 1
−1
Q
s−2l
(σ)dσ = 0.
@# %/' ?./+# )*$) s− 2l $%%/) 8# l; A2 4) '#.# '# /(1, ,#/"?/&# Qs−2l
4%)/ $ &(" A+B 89 14%#$.4)9 '*#.# '# *$+#{
− µcl∂2σA = 0,
A(±1) = Rl(±1, 0),
$%, {
− µcl∂2σB = −∂σQ
0
,
B(±1) = 0.
B4%# Rl(1, 0) = Rl(−1, 0) = √µcl '# /%# $7$4% *$+# A = √µcl; C/'
&4%# '# *$+# ∂σQ
0
/,, '# *$+# )*$) B 4& )*# &(" /2 )*# /,, ?.4"4)4+# /2
1/(µcl)Q
0
$%, /2 $% $D%# 2(%)4/% $%, /%&4,#.4%7 )*# 8/(%,$.9 /%,4)4/%
B 4& 4% 2$) /,,; >*4& ?() )/7#)*#. 1#$,& )/ $ /%).$,4)4/% &4%# '# &*/(1,
*$+#
0 =
∫ 1
−1
Q
s−2l
(σ)dσ =
∫ 1
−1
A(σ)dσ +
∫ 1
−1
B(σ)dσ
= 2
√
µcl,
'4)* cl 6= 0; >*(& s − 2l < l; E./" 2l + 1 ≤ s ≤ 3l − 1 '# 7#) l ≥ 2; F%,
'# *$+# )*$) )*# ?./81#" &$)4&-#, 89 Q
s−2l
4& '#11 ?/&#,; @# $)($119 %##,
Q
s−2l
; G%# $% ?./+# )*$) 4) 4& )*# 2(%)4/%
σ 7→

1
cl
σ(σ + 1), 42 σ ∈ [−1, 0],
1
cl
σ(1− σ), 42 σ ∈ [−1, 0].
H() cl 4& &)411 %/) ,#-%#,I @# )*(& ?(&* )*# &)(,9 )/ )*# 2/11/'4%7 %/% J#./
)#."; E./" )*# K#0)#.%$1 2/.#L ?/4%) /2 +4#'5 )*# 8/(%,$.9 /%,4)4/% &)411
 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !
"#$%&' Q
l
(#')* +,# )-& "&#$%.)$%& $) $' ∂σQ
s−2l
/-$- .11&.#' (#') $2 )-&
&34.)$,2 56*67.8 /$)- k = 2s− 2l /-$- 9$%&' )-& &34.)$,2 ,: Q2s−4l*
;-.) /& 1#,%& 2,/ $' )-.) <,)- =&>)&#2.? :,#&'@ 2&&" ), <& .)$%& '$A
B4?).2&,4'?C ), -.%& . /&?? 1,'&" 1#,<?&B* D-$' ?&."' ), l = 2s− 4l /-$-
$' &34$%.?&2) ), 2s = 5l* E: l < 2s − 4l )-&2 )-& 1#,<?&B '.)$'(&" <C Ql $'
2,/ 
− µcl∂2σQ
l
= µc4l−s∂
2
σQ
s−2l
,
Q
l
(±1) = Rl(±1, 0),∫ 1
−1
Q
l
(σ)dσ = 0.
F$2&Q
s−2l
$' ,"" )-$' =&>)&#2.? :,#&@ ",&' 2,) ,2)#$<4)& ), )-& $2)&9#.? ,2A
')#.$2)* G,#&,%&# /& .2 ')$?? ?$:) )-& <,42".#C ,2"$)$,2 /$)- )-& ,2').2)
:42)$,2
√
µcl* D-$' ?&."' ), . ,2)#."$)$,2 <&)/&&2 )-& $2)&9#.? %.2$'-$29
.2" cl <&$29 2,2 H&#,* I2 )-& ,)-&# -.2" $: 2s − 4l < lJ )-&2 )-& 1#,<?&B
',?%&" <C Q
2s−4l
$'
− µcl∂2σQ
2s−4l
= µcs−l∂
2
σQ
s−2l − ∂σQs−2l,
Q
2s−4l
(±1) = 0,∫ 1
−1
Q
2s−4l
(σ)dσ = 0.
I2& .9.$2J ∂2σQ
s−2l
<&$29 ,""J
∫ 1
−1
Q
2s−4l
(σ)dσ <C ?$2&.#$)C $' #&.??C ,2?C∫ 1
−1
C(σ)dσ /-&#& C ',?%&'K
{
− µcl∂2σC = −∂σQ
s−2l
,
C(±1) = 0.
E: /& B4?)$1?C )-& &34.)$,2 :,# C <C (σ2− 1)/2 .2" $2)&9#.)& )/$& <C 1.#)'
/& (2" K
µcl
∫ 1
−1
C(σ)dσ = −
∫ 1
−1
Q
s−2l
(σ)σdσ.
L,/ 4'$29 )-& &>1#&''$,2 ,: Q
s−2l
,2& (2"'
∫ 1
−1
C(σ)dσ = 1/(3c2l ) .2" )-$'
.22,) <& 0* ;& )-&2 2&&''.#$?C -.%& 2s− 4l = l )-.) $' 2s = 5l* E) $' ?&:)
), )-& #&."&# ), '&& )-.) s = 5 .2" l = 2 ?&." ), )-& B$2$B4B ,: 2,2 )#$%$.?
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
"#$%&'() *+' ,&($ %+-( ./,. cl (,.0(%'( ./' 1$&&$20+3 '45,.0$+6
2
√
µcl − 1
3c2l
= 0
2/0/ &',-( .$ cl = 1/(3
√
2)2/5)
 !" #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%
 !"!# $%&'()*+,-.'/ ,0 , 12' 3,(,)%-%( 3('4+%)
8' (/,&& +$2 309' , #03$#$5( "#$$1 ./,. ./' :'/,90$# $1 ;<)=>,?@;<)=>/? 0(
./' $+' -'(#0:'- :A B/'$#'C <)=) D$# ./0(6 2' %#(. #'2#0.' ./' (A(.'C
0+ +'2 9,#0,:&'() 8' ./'+ 'E"&,0+ ./' ,#35C'+. $1 ./' "#$$1 5(0+3 ($C'
.'/+0,& ,((5C".0$+() 8' %+,&&A /'F ./,. ./'(' ,((5C".0$+( ,#' .#5'
;5+045' ($&9,:0&0.A $1 ./' 15+-,C'+.,& "#$:&'C6 ,+,&A.00.A ,+- -'#09,.09'(
$1 ./' 0C"&00. 15+.0$+?)
 !"#$%&'()*#+ ,-$#&.- /!0 1($(%!)!$23 G #50,& (.'" 0+ ./' ,+,&A(0( 0( .$
#'2#0.' ./' (A(.'C 20./ +'2 9,#0,:&'(H 0+(.',- $1 /,90+3 y ,+- φ 2' ('.
a =
y
φ
,+- b =
√
φ.
I'. 5( #'C,#F ./,. ./0( F0+- $1 /,+3' $1 9,#0,:&' 2,( ,&($ +''((,#A 0+
$5# "#'90$5( ","'# JKL℄ 0+ $#-'# .$ (.5-A ./' :'/,90$# +',# ./' (0+35&,#0.A
(y, φ) = (0, 0)) N$2'9'#6 y ,+- φ /,9' &',# "/A(0,& C',+0+3 ;./' %#(. 0(
, (/',# #,.'6 ./' ('$+- 0( ./' O50-0.A?) 8' ./'+ -'%+' 1#$C ./' ($&5.0$+ p
./' 15+.0$+(
q = p|[−1, 1],
rd(θ) = p(1 + bθ), 1$# θ > 0,
rg(θ) = p(−1− bθ), 1$# θ > 0)
 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%  !
"# $%&'& ()*+),-&' ./0 102 )# ,& 4*+$$&#5
− ∂2σq + a∂σq =
1
µ
δ0, +# ]− 1, 1[, 61011)7
− ∂2θrg − ab∂θrg + rg = 0, +# ]0,∞[, 61011,7
− ∂2θrd + ab∂θrd + rd = 0, +# ]0,∞[, 610117
r(±∞) = 0, 6101187
q ≥ 0, 61011&7
r ≥ 0, 6101197
rg(0) = q(−1), 61011:7
rd(0) = q(1), 61011%7
− ∂θrg(0) = b∂σq(−1), 61011+7
∂θrd(0) = b∂σq(1), 61011;7
b
∫ +∞
0
rg(θ)dθ + b
∫ +∞
0
rd(θ)dθ +
∫ 1
−1
q(σ)dσ = 1. 61011<7
= >);?* )8()#$):& ?9 $%+' 9?*>@-)$+?# +' $%)$ $%& *&9?*>@-)$&8 A*?,-&>
#? -?#:&* +' ?9 ) '+#:@-)*-B A&*$@*,&8 #)$@*&0 C%+' +' $%& 8&&A&* *&)'?#
4%B +# $%& 9?*>)- &DA)#'+?# ?9 $%& A*&(+?@' '&$+?# $%&*& 4)' #&(&* )#B
$*@& $4?EA)*)>&$&* '&*+&'F &+$%&* )-- $%& Rk ?* )-- $%& R¯k 4&*& G&*?0 "#
'&(&*)- 8+>&#'+?#'H $%& '+#:@-)*-B A&*$@*,&8 #)$@*& ?9 $%& A*?,-&> )##?$
,& *&>?(&8 ,B ) >&*& *&')-+#: ?9 $%& +#8&A&#8&#$ ()*+),-&H )#8 $%+' 4+--
?>A-+)$& $%& )#)-B'+'0 "# A)*$+@-)*H )#)-B$++$B ?9 $%& '?-@$+?# 4+$% *&'A&$
$? a )#8 b )' '%?4# ,&-?4 )##?$ ,& &DA&$&80
 !""# "# $%&"!&' ()*) "# $&*>' ?9 $%& $4? A)*)>&$&* &DA)#'+?#H $%& $%*&&
)'&' &#?@#$&*&8 +# $%& A*&(+?@' '&$+?# )*& )' 9?--?4'5
20 µ > 1/25 a→ 0H b→ b0 > 00
10 µ < 1/25 b→ 0H a→ a0 > 00
I0 µ = 1/25 J?$% a )#8 b $&#8 $? 0 )#8 b +' ?9 $%& ')>& ?*8&* )' a20
C%& '$*@$@*& ?9 ?@* )*:@>&#$ &''&#$+)--B A*?&&8' )' 9?--?4'5 K+*'$ 4&
'%?4 $%)$ +9 &+$%&* a ?* b +' -?'& $? 0H 4& )# '?-(& $%& 'B'$&> 61011)7E
61011;7 @#+/@&-B 9?* qH rd )#8 rg )' 9@#$+?#' ?9 µH a )#8 b0 C%& *&>)+#+#:
&/@)$+?# 61011<7 +' $%&# ?9 $%& 9?*> F (µ, a, b) = 00 C%& 9@#$+?# F 8&A&#8'
)#)-B$+)--B ?# +$' )*:@>&#$'0
+,-& µ > 1/2) L& )# '%?4 $%)$ ∂F/∂b(0, b0, µ) 6= 0H %&#& 4& '?-(& $%&
&/@)$+?# F = 0 9?* b5 b = g(µ, a)0 "# $&*>' ?9 y $%+' *&)8'
√
φ(y) =
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
g(µ, y/φ(y))" #$ &' '() *+$ ,-$ ./01.., 2*',.(' ,-$(3$/ &4&.' ,( +(15$
2(3 φ &+ &' &'&16,.&1 2*',.(' (2 y"
 !"# µ < 1/2$ #$ &' +-() ,-&, ∂F/∂a(a0, 0, µ) 6= 07 &'8 -$'$ +(15$
2(3 a9 a = g(µ, b)" :' ,$3/+ (2 ,-$ (3.4.'&1 5&3.&;1$+7 ,-.+ 3$&8+ y =
φ(y)g(µ,
√
φ(y))" #$ &' '() &0016 &'(,-$3 ./01.., 2*',.(' &34*/$',
,( +(15$ 2(3
√
φ(y) &+ &' &'&16,.&1 2*',.(' (2
√
y< ,-$ 1$&8.'4 (38$3 ,$3/ .+√
φ(y) ∼
√
y/g(µ, 0) =
√
y/a0"
 !"# µ = 1/2$ =(3 µ '$&3 1/27 )$ &' +(15$ F *'.>*$16 2(3 µ9 µ − 1/2 =
g(a, b)" ?-.+ ('@3/+ ,-&, µ = 1/2 .+ ,-$ ('16 &+$ .' )-.- a = b = 0" #$
+-&11 +-() ,-&,7 ,( 1$&8.'4 (38$3 g(a, b) = c1b− c2a2 ).,- 0(+.,.5$ ('+,&',+
c1 &'8 c2" ?-*+7 &, µ = 1/27 )$ -&5$ & ;&1&'$ (2 b &'8 a
2
" :2 )$ @A µ &,
BCD7 )$ &' +(15$ 2(3 b .' ,$3/+ (2 a9
b = γ2a
2 + γ3a
3 + ..., γ2 = c2/c1.
E() )$ +*;+,.,*,$ b = βy2/57 1$&8.'4 ,( a = β−2y1/5" #$ @'8 ,-$ 2(11().'4
'$) $>*&,.(' 2(3 β9
β = γ2/β
4 + γ3y
1/5/β6 + ...
F'(,-$3 ./01.., 2*',.(' &34*/$', +-()+ ,-&, β .+ &' &'&16,.&1 2*',.(' (2
y1/57 ).,- 1$&8.'4 ,$3/ β ∼ (γ2)1/5"
 !"! #$% &'()*+%(,*- ./01-%+2
#$ &3$ '() $A-.;.,.'4 ,-$ ,-3$$ 2*'8&/$',&1 +(1*,.('+ )$ ).11 0$3,*3;< ,-&,
.+7 )$ ).11 *'.>*$16 +(15$ GD"DD&HIGD"DDJH 2(3 +0$.@ +$,+ (2 ,-$ 0&3&/$,$3+
(µ, a, b)" K2 (*3+$ )$ ).11 @'8 ,-$ ,-3$$ 2*'8&/$',&1 03(;1$/+ GD"BDH7 GD"BLH
&'8 GD"BMH 3$)3.,,$' .' ,-$ '$) 5&3.&;1$+ G).,-(*, +&,.+26.'4 ,-$ .',$43&1
('+,3&.', 6$,H"
N$, a = 0 .' ,-$ 03$5.(*+ $>*&,.('+ &'8 1$, *+ @'8 µ &'8 b ,-&, +&,.+26
,-$ $>*&,.('+" #$ &' +(15$ ,-$ KOP+ &'8 *+$ ,-$ 5&3.(*+ ('+,3&.',+ ,( +$,
,-$ .',$43&,.(' ('+,&',+" ?-.+ 1$&8+ ,(
qµ,0,b(σ) =

1
2µ
(σ + 1) +
b
2µ
, .2 σ ∈]− 1, 0[7
1
2µ
(1− σ) + b
2µ
, .2 σ ∈]0, 1[7
rµ,0,bg (θ) =
b
2µ
exp (−θ) ,
rµ,0,bd (θ) =
b
2µ
exp (−θ) . GD"DQH
 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%  !
"#$% $&'((' )$*(% +,. /01234 5#(& 6&( %(7% b =
√
µc01
8& 7#( 67#(9 #,&' %(7 b = 01 "#(& 7#( (:;,7$6&% 6< q 6& 6&( #,&' ,&'
rg= rd 6& 7#( 67#(9 #,&' '(6;>?(1 @( ,& %(7 rg = rd = 0 +A ?$&(,9$7A ,&'
7#$% B,.(% 7#( >96+?(B %(7 6& 7#( $&7(9*,? [−1, 1] 6&?A= 5$7# #6B6)(&(6;%
C$9$#?(7 +6;&',9A 6&'$7$6&%1 "#$% ?(,'% 76
qµ,a,0(σ) =

1− exp (−a)
µa (exp (a)− exp (−a)) (exp (a (σ + 1))− 1) , $< σ ∈]− 1, 0[=
exp (a)− 1
µa (exp (a)− exp (−a)) (1− exp (a (σ − 1))) , $< σ ∈]0, 1[=
rµ,a,0g = 0,
rµ,a,0d = 0. /010D4
@( E&' /012F4 ,),$& 5#(& a = 1/(µc1)1 G$&,??A= 7,.$&) 7#( ?$B$7 b→ 0 $& 7#(
E9%7 ,%( 69 a→ 0 $& 7#( %(6&' 6&( ?(,'% 76 7#( %,B( %6?;7$6& <69 a = b = 0
qµ,0,0(σ) =

1
2µ
(σ + 1), $< σ ∈]− 1, 0[=
1
2µ
(1− σ), $< σ ∈]0, 1[=
5#$# )$*(% +,. /012H4 5#(& 5( %(7 µ = 1/21
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Hsǫ (0,∞) = {u | exp(ǫθ)u(θ) ∈ Hs(0,∞)}.
@( EJ , %B,?? ǫ > 0= ,&' 5( %((. %6?;7$6&% (q, rd, rg) $&H
1(−1, 1)×(H1ǫ (0,∞))21
@( ,& )(7 9$' 6< 7#( 5($)#7 exp(ǫθ) +A %(77$&) rg,d = exp(−ǫθ)sg,d1 K69(L
6*(9= 5( $%6?,7( 7#( %$&);?,9$7A 6< q ,7 7#( 69$)$& +A %(77$&) q˜(σ) = q(σ) −
(1− |σ|)/(2µ)1 "#$% ?(,'% 76 7#( &(5 %A%7(B
− ∂2σ q˜ + a∂σ q˜ =
a
2µ
sign σ $& ]− 1, 1[, /010M,4
− ∂2θsg − (ab− 2ǫ)∂θsg + (1− ǫ2 + abǫ)sg = 0 $& ]0,∞[, /010M+4
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X = {(q˜, sd, sg) ∈ H2(−1, 1)×(H2(0,∞))2/ sg(0)−q˜(−1) = 0, sd(0)−q˜(1) = 0}.
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Y = L2(−1, 1)× (L2(0,∞))2 × (R)2.
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9#- ,+ $%-# E = R×{0}∪{0}×R+: "# '2.6 -/# )%''%&.$; <*%1%+.-.%$:
 !"#"$%&%"' ()() •  !" #$#"% (a0, b0) ∈ E &'#"# #()*&* +, ε0 > 0 +,-
+ ,#).'/!"'!!- V !0 (a0, b0) ), R × R+ *1' &'+& 0!" +,% (ε, a, b) ∈
[0, ε0[×V &'# !3#"+&!" Lε,a,b )* ),$#"&)/4#5
• 6'# 7+33),. (µ, a, b) 7→ (qµ,a,b, rµ,a,bg , rµ,a,bd ) )* +,+4%&)5
5
8"!!05 =%* -/# 1*%%) %) -/# 4*+- 1%.$-> .- '#2*'8 +,?#+ -% %$+.5#* ǫ = 0
2$5 #.-/#* a = 0 %* b = 0@ -/# *#+- )%''%&+ )*%6 2$2'8-. 1#*-,*72-.%$ -/#%*8
A+## )%* .$+-2$#  !"#BCD> / EFF> 1: DGH℄J: F$5##5> 7#2,+# &# *#6%K#5 -/#
+.$;,'2*.-8 2- 0> Lε,a,b .+ 2 7%,$5#5 %1#*2-%* )*%6 X -% Y : L%*#%K#*> )%* 2$8
(q˜, sd, sg) .$ X 2$5 f .$ Y
∗
> 〈f,Lε,a,b(q˜, sd, sg)〉Y ∗,Y .+ 2 1%'8$%6.2' .$ (ε, a, b)
2$5 -/,+ Lε,a,b .+ 2$2'8-. 2+ 2$ %1#*2-%*:
F) ǫ = b = 0> -/# 1*%7'#6+ )%* q˜> sg 2$5 sd 5#%,1'#> 2$5 -/# 5#%,1'#5
1*%7'#6+ 2*# #2+8 -% 2$2'8M#N &# +%'K# #''.1-. O3P+ &.-/ .$/%6%;#$#%,+
Q#,62$$ 7%,$52*8 %$5.-.%$+ )%* sg 2$5 sd 2$5 -/#$ ,+# -/# K2',#+ sg(0)
2$5 sd(0) .$ -/# 7%,$52*8 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∫ ∞
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∂F
∂µ
(µ, 0, b0) = −F (µ, 0, b0)
µ
= −1
µ
< 0.
B8 b = 0; ># '.2.'(#; 2*)+1 CD:DIF;
F (µ, a, 0) =
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*/+ >*1%- 06 L+62 2$'2 02 06 6%2 0& '& /&8*/&1%1 1*>'0& #$0-% 2$% 60&7/-'+
-0>026 #% >%&20*&&%1 '+% 6%2 0& 8*/&1%1 1*>'0&64 M$% *&6%H/%&% 06 2$'2:
09 #% 2+; 2* 2'O% 2$% &'S(% -0>02 ε → 0: #% %&1 /) #02$ 2$% -0>02 %H/'20*&
∂σp = 0 #$0$ $'6 *&-; 0 '6 ' 6*-/20*& *& '& /&8*/&1%1 1*>'0&4 M$06 -0>02
06 &*2 (%+; +0$ 2* 1%6+08% 2$% -0>020&7 8%$'(0*/+ *9 2$% >*1%-4 T*+%*(%+:
2$% 6%*&1 6)%0L 9%'2/+% *9 */+ >*1%- 06 2$'2 #% $'(%
∫
p = 1 #$0$ 06 2+/%
9*+ '-- ε > 0 '&1 >/62 +%>'0& 2+/% '2 2$% -0>024 M$06 06 -%'+-; 0&*>)'208-%
#02$ 2$% &'S(% -0>02 p = 0 2$'2 #% U/62 >%&20*&&%14 M$06 10V/-2; 06 +%-'2%1
2* 2$% 9'2 2$'2: 1%6)02% '))%'+'&%6: */+ )+*8-%> 06 2+/-; &*&-0&%'+ '&1 2$%
0&2%7+'- *&62+'0&2 >'O%6 W;62%> ?I4 D H/02% +07014
M* *(%+*>% 2$%6% 10V/-20%6 #% >/62 1%6+08% 2$% 6*-/20*& *9 ?I4 D >*+%
'/+'2%-; 2$'& #02$ U/62 2$% &'S(% -0>024 M$06 06 #$; #% 1%*>)*6% 2$%
 !"! #$%& '()*+,)  !"
#$%&'($) ()'$ '*+,, -.+'# $++,#-$)0()1 '$ '*, ()',+2.%# ] −∞, 0[3 ]0, 1[ .)0
]1,+∞[ $4-%,',0 5('* '+.)#4(##($) $)0('($)# .' 0 .)0 1 5*(* .+, 1(2,)
67 '*, ,8-,',0 1%$6.% +,1&%.+('7 $9 '*, #$%&'($) $9 :;< =< >, 5(%% #,, '*.'
'*,#, '*+,, -.+'# 6,*.2, 2,+7 0(?,+,)'%7 5*,) ε→ 0< @*, #('&.'($) (# . 6('
0(?,+,)' 9+$4 '*, %(4(' y → 0 5, #'&0(,0 () A"B℄ 9$+ 5*(* 5, 0(2(0,0 ()
]−∞,−1[3 ]− 1, 1[ .)0 ]1,+∞[ () $+0,+ '$ #'&07 '*, -.##.1, 9+$4 . 0,)#('7
5('* #&--$+' () R '$ . 0,)#('7 5('* #&--$+' () ]− 1, 1[<
@$ $)%&0, '*(# ()'+$0&'($) 5, 5$&%0 .%#$ %(D, '$ -$()' $&' '*.' 5,
&#,0 *,+, . #'.)0.+0 4,'*$0 $9  !"#$"# ,#'(4.',# $) '*, +,4.()0,+ $9 '*,
,8-.)#($) $9 p '$ -+$2, '*, E$)2,+1,),F 5*(%, () A"B℄ 5, '$$D .02.)'.1,
$9 '*, 1d #,''()1 '$ &#, '*, #()1&%.+ -,+'&+6.'($) '*,$+7 $9  !"# AB;℄ .)0
1,' 0(+,'%7 '*, $)2,+1,), $9 '*, .#74-'$'( ,8-.)#($)< @*, 4,'*$0 &#,0
() '*(# -.-,+ .)3 *$5,2,+3 6, ,8',)0,0 9.(+%7 #'+.(1*'9$+5.+0%73 '$ 4&%'(
0(4,)#($).% 2,+#($) $9 '*, GH 4$0,%<
 !" #$%& '()*+,)
H,' &# I+#' +,.%% '*, 5,%%J-$#,0),## '*,$+,4 $) 5*(* '*, #,K&,% $9 '*, #'&07
+,%(,# $)L
 !"#$"% &'(' %&' () )#$* "+ ,-." /012'3/'/4 5$0'67
− µΓ∂2σp+ hp +
1
ε
∂σp = Γδ0,∫
R
p(σ)dσ = 1,
:;<"=
& (  /*#3/' ($6/)#$* p ∈ H1(R) 8&#& 0' +( '4!$*'*)# 66+ 8&'* |σ| → +∞7
:$" ';'"+ ε > 0<
M$+ '*, -+$$9 5, +,9,+ '$ A N3 ";℄< >, .) )$5 #'.', '*, 4.() +,#&%' $9
'*(# -.-,+L
 !"#$"% &')' 2') /( *$)' p )&' ($6/)#$* )$ :;<"=  *0 τ =#;'* .+ :;<B= )&'*
:$" ε→ 0 8' & ;'
τ ∼ 1
ε
,
$" 5$"' !"'#('6+
τ =
1
ε
+O(1).
 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
#$% &'( )*&(%+*,- &'+. )(*/. &'*& 0'(/ &'( .'(*% %*&( +. ,*%1( &'( %'(2
$,$1+*, ,*0 +. *& )*+/ $%4(% &'( ,*0 $5 6(0&$/+*/ 78+4 0+&' * 9+.$.+&:
+/4(;(/4(/& $5 µ< ='+. &'($%() +. &'( )*+/ 1$*, $5 &'+. ;*;(% >8& +& 0+,,
/((4 .$)( +/&(%)(4+*&( %(.8,&.< ='( )*+/ +4(* 0'+' 0( '*9( *,%(*4: 8.(4
+/ ?@A℄ +. &$ 0$%C 4+%(&,: $/ p +/.&(*4 $5 0$%C+/1 $/ τ < #$% p 0( '*9( &'(
5$,,$0+/1 *.:);&$&+ %(.8,&D
 !"#"$%&%"' ()*)  !" #$%&'($) p '$ '!" *+ ,-$.%"/ 0(1") .2  !"$-"/ 345
7) ." "8,7)9"9 :!") ε→ 0 7# p = papp + prem;:!"-" papp !7# '!" <$%%$:()0
"8,-"##($)=
papp =

ε exp
(
σ
µε
)
(< σ ≤ 0,
ε (< 0 ≤ σ ≤ 1,
ε exp (−ε(σ − 1)) (< 1 ≤ σ,
EF<"G
7)9 prem 1"-(>"# '!" <$%%$:()0 "#'(/7'($)#=∥∥∥∥exp(− ·2µε
)
prem
∥∥∥∥
L2(−∞,0)
= O(ε5/2), EF<HG
‖prem‖L2(0,1) = O(ε3/2), EF<IG∥∥∥exp(ε
2
(· − 1
)
prem
∥∥∥
L2(1,+∞
= O(ε3/2). EF<JG
='+. *.:);&$&+ (K;*/.+$/ %(,+(. $/ &'( 5$,,$0+/1 (.&+)*&+$/ $/ ΓD
+,--. ()*)  !" <$%%$:()0 "8,7)#($) $< '!" ?&(9('2 Γ (# '-&"=
Γ = 1 +O(ε). EF< !G
='+. ,())* $/,: %(L8+%(. papp< ='( .'()( $5 ;%$$5 +. &'(/ &'( 5$,,$0+/1D
 < M$);8&( 5$%)*,,: &'( )*+/ $%4(% $5 p- papp */4 &'( %()*+/4(% ;%$>,()
EF<N@G<
N< O%$9( O%$;$.+&+$/ F< *..8)+/1 P())* F< < ='+. Q8.&+R(. &'( 5$%)*,
*.:);&$&+ (K;*/.+$/ */4 *,.$ 1+9(. (.&+)*&+$/ $/ &'( %()*+/4(% prem<
F< O%$9( ='($%() F<N<
A< O%$9( P())* F< <
='( $%1*/+S*&+$/ $5 &'( ;*;(% 5$,,$0. &'( .'()( $5 ;%$$5D 0( *%%:
$8& &'( 5$%)*, (K;*/.+$/. +/ T(&+$/ F<F */4 1+9( &'( %()*+/4(% ;%$>,() +/
T(&+$/ F<A< ='(/ 0( ;%$9( U.&+)*&+$/. EF<HG2EF<IG *..8)+/1 P())* F< <
 ! ! "#$%&' ()*&+,-#+,  !"
#$%& '% ()% *$% %)*+,-*+.&) ./*-+&%0 *. 12.3% *$% #$%.2%, +& 4%*+.& 6787
#$%& *. .,19%*% *$% 12..: '% )$.' ;%,,- 67 +& 4%*+.& 67<7 =% 12%:%2%0
*. 0%9-> *$% 12..: .: ;%,,- 67 /%-()% +* +) - /+* 9.&? -&0 '% 0+0 &.* '+)$
*. +&*%22(1* *$% 12..: .: #$%.2%, 67@7
 ! "#$%&' ()*&+,-#+,
4+&% '% -2% +&*%2%)*%0 +& '$-* $-11%&) *. *$% )>)*%, '$%& y +) 9-2?%A '%
)%* y = 1/ε -&0 )*(0> *$% /%$-3+.(2 -) ε → 0+7 B) '% 0+0 /%:.2% :.2 *$%
9.' )$%-2 2-*% -)>,1*.*+)A '% ()% -)>,1*.*+ %C1-&)+.&) .& p +&)*%-0 .:
'.2D+&? 0+2%*9> .& τ 7 =% ?%* *$%)% -)>,1*.*+) +& - )(+*-/9% )1-% ). *$-*
'% -& ?. :2., p *. τ E()* /> +&*%?2-*+&? *$% %C1-&)+.& .: p -?-+&)* σ7
 ! !" #$%&'(')* +, (-$ ./0($1
=% -2% +&*%2%)*%0 +& *$% 9+,+* /%$-3+.(2 -) ε → 0 .: *$% ,.0%9 ?+3%& />
F678GH 
− µΓ∂2σp+ hp +
1
ε
∂σp = Γδ0,∫
R
p(σ)dσ = 1.
F67  G
I.2 *$+) )*(0> '% $-3% *. 2%'2+*% *$% %J(-*+.&) +& *%2,) .: '$-* $-11%&) .&
R
∗
−A[0, 1] -&0 ]1,+∞[7 =% &.*%
p− = p|R∗
−
, p+,i = p|[0,1] p+,e = p|[1,+∞[.
=% 2%'2+*% *$+) )>)*%, +& *%2,) .: *$%)% &%' 3-2+-/9%)H
− µΓ∂2σp− + hp− +
1
ε
∂σp− = 0,
− µΓ∂2σp+,i +
1
ε
∂σp+,i = 0,
− µΓ∂2σp+,e + p+,e +
1
ε
∂σp+,e = 0,
p+,i(0) = p−(0),
p+,e(1) = p−,i(1),
∂σp+,i(0) = ∂σp−(0)− 1
µ
,
∂σp+,e(1) = ∂σp+,i(1),∫ 0
−∞
p−(σ)dσ +
∫ 1
0
p+,i(σ)dσ +
∫ +∞
1
p+,e(σ)dσ = 1.
F67 @G
 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
#$%&'()'')*& *&,)-)*&'
p+,i(0) = p−(0),
p+,e(1) = p−,i(1),
*(. /$*( -0. /%- -0%- p )' *&-)&1*1'2 #0. *&,)-)*&
∂σp+,i(0) = ∂σp−(0)− 1
µ
,
-%3.' )&-* %*1&- -0. 4)$% (%'' %- 0 50)6. -0. 6%'- -$%&'()'')*& *&,)-)*&
∂σp+,e(1) = ∂σp+,i(1),
*(.' /$*( -0. /%- -0%- 5. %''1(. ∂σp -* 7. *&-)&1*1' %- 1 8&*-0)&9 )&
8:2;< *16, 7%6%&. % =1(> )& -0. ,.$)?%-)?. %- 1<2 @*5 5. 0%&9. ?%$)%76.'
-* A&, -0. $)90- >$*A6.' .B1%-)*&2 C. '.-
p−(σ) = q−
(σ
ε
)
, p+,i(σ) = q+,i(σ) + qbl
(
1− σ
ε
)
,
p+,e(σ) = q+,e(ε(σ − 1)),
%&, 5. &*-. z -0. ?%$)%76. */ q−Dqbl %&, q+,e 8%&, %6'* -0. *&. */ q+,i /*$
')(>6))-E<2 F' qbl ,.'$)7.' % 7*1&,%$E 6%E.$ )& -0. &.)907*1$0**, */ σ = 1
5. %''1(. .G>*&.&-)%6 ,.$.%'. */ qbl %&, %66 )-' ,.$)?%-)?.' /*$ %66 z 6= 02 C.
A&%66E 5$)-. -0. 'E'-.( 50)0 5)66 %66*5 1' -* *(>1-. -0. .B1%-)*&' */ -0.
>$*A6.H
− 1
ε2
µΓ∂2zq− + hεq− +
1
ε2
∂zq− = 0,
− µΓ∂2zq+,i +
1
ε
∂zq+,i = 0,
− µΓ∂2zqbl − ∂zqbl = 0,
− µΓε2∂2z q+,e + q+,e + ∂zq+,e = 0,
q+,i(0) + qbl
(
1
ε
)
= q−(0),
q+,e(0) = q+,i(1) + qbl(0),
∂zq+,i(0)− 1
ε
∂zqbl
(
1
ε
)
=
1
ε
∂zq−(0)− 1
µ
,
∂zq+,e(0) =
1
ε
∂zq+,i(1)− 1
ε2
∂zqbl(0),
ε
∫ 0
−∞
q−(z)dz +
∫ 1
0
q+,i(z)dz + ε
∫ 1/ε
0
qbl(z)dz +
1
ε
∫ +∞
0
q+,e(z)dz = 1,
8:2 :<
 ! ! "#$%&' ()*&+,-#+,  !"
#$%&% #% $'(% )%*+%)
hε(z) = h(εz).
,-.% .$'. /0+% h = 1R\[−1,1]2 #% $'(%
hε(z) =
1 03 |z| ≥
1
ε
,
0 -.$%&#0/%.
,-# 03 .$% %45'+/0-+ #% 6'7% 0/ %(%& .- 8% ('90) #% 6:/. $'(% q− %4;
5-+%+.0'99< )%&%'/0+= #$%+ z )%&%'/%/ .- −∞> ?$%+ 03 #% -+/0)%& .$%
3:+.0-+ z 7→ hε(z) exp(z) .$%+ 0. 0/ %'/< .- /%% .$'. 0. 0/ %45-+%+.0'99< /6'99
@ ! ∼ exp(−λ/ε) 3-& /-6% λ > 0A 0+ '+< +-&6 #% -:9) -+/0)%&> ?$:/ 0+
.$% 3-99-#0+= #% #099 .&%'. '99 .%&6/ 6:9.0590%) 8< hε .- 8% /6'99%& .$'+ '+<
εk 3-& '+< k ≥ 0> B/ ' &%6'&7 #% '++-. )- .$0/ -+ .$% -.$%& /0)% '+) $'(%
.- 8&%'7 0. 0+.- .$% 0+.%&0-& 5'&. q+,i '+) .$% %4.%&0-& 5'&. q+,e>
 ! !" #$%&'()'
C% 6'7% .$% 3-99-#0+= '+/'%.D%E
q− = εq
1
− + ε
2q2− + ε
3q3− + . . . , @F> GA
q+,i = εq
1
+,i + ε
2q2+,i + ε
3q3+,i + . . . , @F> HA
qbl = ε
3q3bl + ε
4q4bl + . . . , @F> IA
q+,e = εq
1
+,e + ε
2q2+,e + ε
3q3+,e . . . . @F> JA
K3 -:&/% #% -:9) $'(% 5:. .%&6/ -3 -&)%& 0 3-& q−2 q+,i '+) q+,e '+) .%&6/
-3 -&)%& 021 '+) 2 3-& qbl> C$%+ -+% )%-/ .$'.2 8< 5:..0+= .$% '+/'%.D% 0+
.$% %L:'.0-+/ -3 @F> MA2 #% #-:9) /%% .$'. .$%/% .%&6/ 6:/. 8% 0N 8%':/%
.$%< /-9(% 90+%'& O0&0$9%. 5&-89%6/ #0.$ +- %4.%&0-& 3-&%/> C% &%'99 .$'.
#% $'(% @F>MA #$0$ 0/ .$% 3-99-#0+= -+/0/.%+< %L:'.0-+ 8%.#%%+ Γ '+) pE
Γ =
∫
|σ|>1
p(σ)dσ
#$0$ '+ 8% &%#&0..%+ 0+ .%&6/ -3 q− '+) q+,e
Γ =
1
ε
∫ +∞
0
q+,e(z)dz + ε
∫ −1/ε
−∞
q−(z)dz.
C0.$ /:$ '+ %45&%//0-+2 03 #% '//:6% %+-:=$ &%=:9'&0.< -3 .$% 5&-*9%/ @#$0$
#099 8% $%7%) '3.%& #% $'(% -65:.%) .$%6A2 #% '+ )%&0(% .$% 3-99-#0+=
'+/'.D -+ ΓE
Γ = c0 + c1ε+ c2ε
2 + c3ε
3 . . . . @F> PA
  !  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
"#$% ∀k, ck =
∫ +∞
0
qk+1+,e (z)dz &')*+', )+ "' -'.)-/'0, $%' +'120 $'-. #+
'3412'2$#)556 +.)557
 ! ! "#$%&'(
82 $%#+ +'$#12 "' 1256 1.4*$' $%' 4-195'+ qk−, q
k
+,i )20 q
k
+,e :1- k = 1, 2 ';'2
#: "' "#55 #2 $%' '20 1256 *+' $%' )44-13#.)$#12 <#;'2 &6 $%' $'-.+ 1: 1-0'-
17 820''0, #$ )2 &' #2$'-'+$#2< $1 1.4)-' $%' $'-.+ 1: 1-0'- 2, $%)$ "' <#;'
%'-', $1 $%' )44-13#.)$#12 1: =>7?>@ <#;'2 #2 =>7?A@7
B55 "' 2''0 $1 01 #+ $1 45*< =>7 C@ , =>7 D@ )20 =>7 A@ #2 =>7 >@ )20 #0'2$#:6
$%' :1-.)5 41"'-+ 1: ε7
 !"#! ε$
E' 9-+$ 511/ :1- q1+,eF 
∂zq
1
+,e + q
1
+,e = 0,∫ +∞
0
q1+,e(z)dz = 1,
"%#% 5')0+ $1
q1+,e(z) = exp(−z). =>7 G@
E' )5+1 %);' $%)$ c0 = 17 H1" "' )2 511/ :1- q
1
+,i "%#% +15;'+ $%' :1551"#2<
4-1&5'. {
∂zq
1
+,i = 0,
q1+,i(1) = 1,
"%1+' +15*$#12 #+ 1&;#1*+56 <#;'2 &6
q1+,i = 1 =>7I!@
#0'2$#)5567 J#2)556 "' 1.4*$' :1- q1− "%#% +15;'+ $%' 4-1&5'.F
− µ∂2zq1− + ∂zq1− = 0,
q1−(0) = 1,
∂zq
1
−(0) =
1
µ
,
"%1+' +15*$#12 #+
q1−(z) = exp(z/µ). =>7I @
 !"! #$%%& %& #$%'%()*)%+  !,    
 !"#! ε2$ !"$ %&%'" ($ )*%+* ,+-. */$ +'&/*0
∂zq
2
+,e + q
2
+,e = 0,∫ +∞
0
q2+(z)dz = −
∫ 1
0
q1+,i(z)dz = −1,
(/-)$ )-12*'-" ') q2+,e(z) = − exp(−z)3 4$ %1)- /%5$ c1 = −13 4$ -"*'"2$
67 -++$*'"& */$ 8$+'5%*'5$ -, */$ 9+$5'-2) %99+-:'.%*'-" ('*/ % 6-2"8%+7
1%7$+0 {
− µ∂2zq3bl − ∂zq3bl = 0,
∂zq
3
bl(0) = −∂zq1+,e(0) = −(−1),
,-+ (/'/ ($ /%5$ */$ )-12*'-" q3bl(z) = −µ exp(−z/µ) + 1 29 *- %" %88'*'5$
-")*%"*3 4$ /--)$ *- *%;$ */') )-12*'-" )- */%* q3bl(0) = 03 !"17 "-( 8-
($ 1--; ,-+ q2+,i0 {
∂zq
2
+,i = 0,
q2+,i(1) = −1,
(/-)$ )-12*'-" ') q2+,i = −13 <-( ($ %" ="8 */$ 9+-=1$ q2− 67 )-15'"& */$
9+-61$. 
− µ∂2zq2− + ∂zq2− = −µ∂2zq1−,
q2−(0) = −1,
∂zq
2
−(0) = 0,
(/-)$ )-12*'-" ') q2−(z) = (z/µ− 1) exp(z/µ)3
 !" #$%%& %& #$%'%()*)%+  !,
>- -")*+2* */$ .%'" -+8$+ -, p '" '*) 6$/%5'-2+ %) ε→ 0 ($ )'.917 *+2"%*$
*/$ $:9%")'-") -, ?@3 ABC?@3 DB %* =+)* -+8$+E +$91%$ q1−Eq
1
+,i %"8 q
1
+,e 67 */$
$:9+$))'-") &'5$" %* ?@3F BE?@3FGB %"8 ?@3 HB3 4$ '"*+-82$ */$ "-*%*'-"0
papp− (σ) = εq
1
−
(σ
ε
)
, ?@3FFB
papp+,i (σ) = εq
1
+,i(σ), ?@3F@B
papp+,e(σ) = εq
1
+,e(ε(σ − 1)), ?@3FAB
%"8 */') &'5$) */$ $:9+$))'-" -, papp &'5$" '" ?@3IB3 J'"%117E ($ "-*$ prem− =
p− − papp− E prem+,i = p+,i − papp+,i %"8 prem+,e = p+,e − papp+,e 3 4$ (+'*$ */$ 9+-61$.
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"#$%&' () *+& ,&-./0'&, *&,-"1
− µΓ∂2σprem− + hprem− +
1
ε
∂σp
rem
− = R−,
− µΓ∂2σprem+,i +
1
ε
∂σp
rem
+,i = 0,
− µΓ∂2σprem+,e + prem+,e +
1
ε
∂σp
rem
+,e = R+,e,
prem+,i (0) = p
rem
− (0),
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%1@ +,-."/ <23) +,-;/ 3( (83%21A∣∣∣∣∫
σ∈R
σprem(σ)dσ
∣∣∣∣ ≤ O(1), +,-. /
'( 3)%3 <$ )%*$ 3)$ $BC%1'2(1
τ =
1
ε
+O(1), +,-.!/
%1@ 0)$(D$7 ,-!-
 !" #$%%& %& '())*  !+
0)2' '$32(1 2' @$*(3$@ 3( 3)$ CD((E (E F$77% ,- - #)%3G' 213$D$'321H 2' 3)%3
3)$ CD((E (E 3)2' &$77% D$942D$' 3)$ '34@I (E % '21H4&%D &2723 8I 23'$&E- J1@$$@
3( H%21 %1 $'327%32(1 (1 Γ <$ 1$$@ 3( %CCD(B27%3$ 3)$ D$7%21@$D CD(8&$7
+,-!:/ 8I % &21$%D %CCD(B27%3$ D$7%21@$D CD(8&$7 +,-.,/- K(13D%DI 3( <)%3
)%CC$1' 21 3)$ '7%&& ')$%D D%3$ &2723 <$ %DD2$@ (43 21 L:M℄ 3)$ $BC%1'2(1 (E
p %1@ τ %D$ 412E(D7 21 µ %1@> %' '4)> 74) '27C&$D-
F$3 4' OD'3 213D(@4$ 3)$ %CCD(B27%3$ D$7%21@$D CD(8&$7 %1@ $BC&%21 23'
&21P 3( QI'3$7 +,-!:/A <$ @$O1$ 3)$ E4132(1' πC,ε− > π
C,ε
+,i %1@ π
C,ε
+,e 3( 8$ 3)$
'(&432(1' (E 3)$ E(&&(<21H 'I'3$7>
− µ(1 + Cε)∂2σπC,ε− + hπC,ε− +
1
ε
∂σπ
C,ε
− = R−,
− µ(1 + Cε)∂2σπC,ε+,i +
1
ε
∂σπ
C,ε
+,i = 0,
− µ(1 + Cε)∂2σπC,ε+,e + πC,ε+,e +
1
ε
∂σπ
C,ε
+,e = R+,e,
πC,ε+,i (0) = π
C,ε
− (0),
πC,ε+,e(1) = π
C,ε
+,i (1),
∂σπ
C,ε
+,i (0) = ∂σπ
C,ε
− (0),
∂σπ
C,ε
+,e(1)− ε2 = ∂σπC,ε+,i (1),
+,-.,/
 !"! #$%%& %& '())*  !+  ! 
"#$%$
R− =
(
C
µ
− εh
)
exp
(
σ
µε
)
, &'()*+
R+,e = µ(1 + Cε)ε
3 exp(−ε(σ − 1)). &'(),+
-$ ./01 2$34$ 5#$ 5"1 6.%7.8/$ 9:45714
F (C, ε) =
∫ 0
−∞
πC,ε− +
∫ 1
0
πC,ε+,i +
∫ +∞
1
πC,ε+,i + ε− µε2. &'())+
<$=/.$> 74 &'()'+> C 8? Γrem .42 5#$ 0?05$@ 8$1@$0 &'(!,+ "75#1:5 5#$
745$A%./ 1405%.745( B#:0 5#$ 01/:5714 51 &'()'+ "75# C = Γrem> "#7# 70 8?
2$3475714 πΓ
rem,ε
70 ./01 5#$ 01/:5714 51 &'(!,+ prem( C140$D:$45/? 5#$ 745$A%./
1405%.745 19 &'(!,+ 70 $E.5/? 5#$ $D:.5714 F (Γrem, ε) = 0( C146$%0$/?> 91%
.4? C 6$%79?74A F (C, ε) = 0 "$ #.6$ 5#.5 πrem,C,ε 0.5703$0 1@=/$5$/? 5#$
=%18/$@ &'(!,+> 74/:274A 5#$ 745$A%./ 1405%.745 .42 5#:0 "$ #.6$ C =
Γrem( B#70 .%A:@$45 %$/7$0 14 5#$ :47D:$ 01/6.87/75? 19 &'(!,+ 91% 3E$2 ε 1%>
$D:76./$45/?> 14 5#$ :47D:$ 01/6.87/75? 19 &'(,+( B#70 =%1=$%5? #.0 ./%$.2?
8$$4 =%16$2 74 F )℄ 1% F,'℄(
H$5 :0 3%05 05.5$ 5#.5 "$ #.6$ 5#$ .4./1A1:0 51 I%1=1075714 '( 91% &'()'+(
J74$ 5#$%$ "7// 8$ . 81:42.%? /.?$% 14 5#$ /$95 072$ 19 σ = 1 "$ 745%12:$
θ> . C∞ /1./7K.5714 9:45714 "#7# 70 1 14 [1/2, 1]> 0 14 [0, 1/3] .42 05%75/?
74%$.074A 14 ]1/3, 1/2[( B#$4 "$ #.6$ 5#$ 91//1"74A .==%1E7@.5714 %$0:/5L
 !"#"$%&%"' ()*)  !" #$%&'($) '$ '!" *"+,()-"* .*$/%"+ &'()'+ )$'"- /0
(πC,ε− , π
C,ε
+,i , π
C,ε
+,e) ,) /" "2.,)-"-3 4!") ε → 03 ,# πC,ε = πC,ε,app + πC,ε,rem
4!"*"5
πC,ε,app− (σ) = Cε
2
(
1− Cσ
µε
)
exp
(σ
ε
)
,
πC,ε,app+,i (σ) = Cε
2 + µε3θ(σ)
(
1− exp
(
σ − 1
µε
))
,
πC,ε,app+,e (σ) = Cε
2 exp (−ε(σ − 1)) ,
&'()M+
4('! '!" 6$%%$4()7 "#'(+,'($)#5∥∥∥∥exp(− ·2µε
)
πC,ε,rem−
∥∥∥∥
L2(−∞,0)
= O(ε7/2),∥∥∥πC,ε,rem+,i ∥∥∥
L2(0,1)
= O(ε5/2),∥∥∥exp(ε
2
(· − 1)
)
πC,ε,rem+,e
∥∥∥
L2(1,∞)
= O(ε5/2).
 !!  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
"# $%&& '()*# +,%- '()')-%+%). %. /#+%). 1232 2 4()5 +,%- '()')-%+%). $#
6. 7#78# +,# 9)&&)$%.: (#-8&+ $,%, $%&& ;# 7#+6%&#7 %. /#+%). 1232!2
 !"#"$%&%"' ()()  !" # $%&' C (& )#*&+
F (C, ε) = (C + 1)ε+O(ε2).
<#68-# )9 +,# &%.#6( 6.7 #&&%'+% .6+8(# )9 =1231> %+ %- &#6( +,6+ F 58-+
;# 6+ &#6-+ ).+%.8)8- %. C, ε %. +,# 7)56%. 1 + Cε > 02 ?#+ 8- @A +$)
).-+6.+ .85;#(- C1 6.7 C2 -8, +,6+ C1 < −1 < C22 B,#. ;#68-# )9
C()')-%+%). 121 6.7 ;#68-# F %- ).+%.8)8- +,#(# %- 6. %.+#(*6& ]0, ε0[ ).
$,%, $# ,6*#
∀ε ∈]0, ε0[, F (C1, ε) < 0 < F (C2, ε).
D)$ 9)( 6.E @A#7 ε ∈]0, ε0[ $# 8-# +,# ).+%.8%+E %. C )9 F 6.7 +,# %.F
+#(5#7%6+# *6&8# +,#)(#5 +) 6G(5 +,6+ +,#(# 58-+ ;# 6 0 )9 F (·, ε) ). +,#
%.+#(*6& [C1, C2]2 <8+ 6- $# ')%.+#7 )8+H +,# ).&E 0 +,6+ F (·, ε) ,6- %- Γrem2
I).-#J8#.+&EH
∀ε ∈]0, ε0[, C1 < Γrem < C2,
$,%, %- #A6+&E $,6+ ?#556 12 -+6+#-2
K#56(L2 D)+# +,6+ C = −1 56L#- F (C, ε) *6.%-, 9)( ε → 0 96-+#( +,6.
6.E )+,#( *6&8# )9 C 6.7 %.7##7 ).# )8&7 '()*# ;E #A'6.7%.: p 6+ 6 ,%:,#(
)(7#( +,6+ $# 9)(56&&E ,6*# Γ = 1− ε+O(ε2) 6.7 6&-) +,6+ papp + π−1,ε,app
%- +,# -#).7 )(7#( #A'6.-%). )9 p2
 !"!# $%&&' &' $%&(&)*+*&,  !-
B,%- -#+%). %- 7#*)+#7 +) ).-+(8+ 6. 6''()A%56+%). +) /E-+#5 =1231> 6.7
+) #-+%56+# +,# (#56%.7#( )9 +,%- 6''()A%56+%).2 M+ %- *#(E -%5%&6( +) /#+%).-
121 6.7 12N2
B) @.7 +,# 6-E5'+)+% ;#,6*%)8( )9 πC,ε $# ).# 6:6%. ,6.:# *6(%6;&#
6.7 -#+H .)$ &6--%6&&EO
πC,ε− (σ) = χ−
(σ
ε
)
, πC,ε+,i (σ) = χ+,i(σ) + χbl
(
1− σ
ε
)
,
πC,ε+,e(σ) = χ+,e(ε(σ − 1)),
 !"! #$%%& %& '())*  !+  !"
#$ %&'% %&( )*+%-$+# χ−. χ+,i. χbl '+/ χ+,e #'%-#)0 %&( )$11$2-+3 45$61(78
− µ(1 + Cε)∂2zχ− + ε2hεχ− + ∂zχ− = ε2
(
C
µ
− εhε
)
exp
(
z
µ
)
,
− µ(1 + Cε)∂2σχ+,i +
1
ε
∂σχ+,i = 0,
− µ(1 + Cε)∂2zχbl − ∂zχbl = 0,
− µε2(1 + Cε)∂2zχ+,e + χ+,e + ∂zχ+,e = µ(1 + Cε)ε3 exp(−z),
χ+,i(0) + χbl
(
1
ε
)
= χ−(0),
χ+,e(0) = χ+,i(1),
∂σχ+,i(0) =
1
ε
∂zχ−(0),
ε∂zχ+,e(0)− ε2 = ∂σχ+,i(1)− 1
ε
∂zχbl,
9":;<=
'+/ '##*7( '+ (>4'+#-$+ $) %&( )$57
χ− = ε
2χ1− + ε
2χ2− + ε
3χ3− + . . . ,
χ+,i = ε
2χ1+,i + ε
2χ2+,i + ε
3χ3+,i + . . . ,
χbl = ε
3χ3bl + ε
4χ4bl + . . . ,
χ+,e = ε
2χ1+,e + ε
2χ2+,e + ε
3χ3+,e . . . .
?('11 %&'%. %$ $6%'-+. 9":!@= 2( *#(/ ' %5*+'%-$+ '% $5/(5 ε $) %&( )$57'1
(>4'+#-$+ $) p. #$ %&'% prem -# )$57'110 $) $5/(5 ε2: A$2 πrem,C,ε #$1B(# 9":;"=.
' 45$61(7 2&-& -# B(50 #-7-1'5 %$ 9":!@=. '+/ 2&-& -# &$4()*110 '% %&( #'7(
)$57'1 ε $5/(5: C% -# %&*# +'%*5'1 %$ #(( %&'% %&( D5#% $5/(5 $) πrem,C,ε #&$*1/
6( ε2: E&( )$11$2-+3 '+'10#-# 2-11 45$B( %&'% %&( 45(B-$*# )$57'1 (>4'+#-$+#
3-B( %&( $55(% '+#'(%F(:
G+( -+%(5(#%-+3 4$-+% &(5( -# %&'% 2&(+ #$1B-+3 %&( 45$D1( (H*'%-$+# )$5
9": "=. 2( #%'5% 2-%& σ > 1 6('*#( %&( 7$#% #-+3*1'5 %(57 $7(# )5$7
(H*'%-$+
ε
∫ 0
−∞
q−(z)dz +
∫ 1
0
q+,i(z)dz + ε
∫ 1/ε
0
qbl(z)dz +
1
ε
∫ +∞
0
q+,e(z)dz = 1.
I*% #*& ' $+#%5'-+% &'# /-#'44('5(/ -+ 9":;<= '+/ %&( 7$#% #-+3*1'5 %(57
+$2 $7(# )5$7
∂σχ+,i(0) =
1
ε
∂zχ−(0),
 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
#$% &' ()*+' ,-). *',/ 0σ < 01 /) -234/ 0σ > 115 6/ 2( /4'$ $)/ %279*/ /) (''
/4#/ /4' *)&'(/ )-%'- #::-);2.#/2)$ ), πC,ε 2( ,)-.#**< 32+'$ =<
πC,ε,app− (σ) = Cε
2
(
1− Cσ
µε
)
exp
(σ
ε
)
, 0>5?@1
πC,ε,app+,i (σ) = Cε
2 + µε3θ(σ)
(
1− exp
(
σ − 1
µε
))
, 0>5AB1
πC,ε,app+,e (σ) = Cε
2 exp (−ε(σ − 1)) . 0>5A 1
C4'(' ';:-'((2)$( (4)9*% =' ).:#-'% /) /4' (')$% )-%'- :-)D*'( 32+'$ 2$
E'/2)$ >5>5>5 F' $)& #3#2$ ('/ πC,ε,rem = πC,ε−πC,ε,app5 C4'$ πC,ε,rem− GπC,ε,rem+,i
#$% πC,ε,rem+,e ()*+' /4' ,)**)&2$3 :-)=*'.H
− µ(1 + Cε)∂2σπC,ε,rem− + hπC,ε,rem− +
1
ε
∂σπ
C,ε,rem
− = R˜−,
− µ(1 + Cε)∂2σπC,ε,rem+,i +
1
ε
∂σπ
C,ε,rem
+,i = R˜+,i,
− µ(1 + Cε)∂2σπC,ε,rem+,e + πC,ε,rem+,e +
1
ε
∂σπ
C,ε,rem
+,e = R˜+,e,
πC,ε,rem+,i (0) = π
C,ε,rem
− (0),
πC,ε,rem+,e (1) = π
C,ε,rem
+,i (1),
∂σπ
C,ε,rem
+,i (0) = ∂σπ
C,ε,rem
− (0),
∂σπ
C,ε,rem
+,e (1) = ∂σπ
C,ε,rem
+,i (1),
0>5A!1
&4'-'
R˜− = −C
(
σ
µ2
+
Cε
µ
)
exp
(
σ
2µε
)
−
(
Cε2
(
1− σ
µε
)
+ ε
)
h exp
(
σ
2µε
)
,
0>5A>1
R˜+,i = −µε2θ′ + µ2ε3θ′′ + 3µε2θ′ exp
(
σ − 1
µε
)
− µ2ε3θ′′ exp
(
σ − 1
µε
)
,
0>5A"1
R˜+,e = µε
3(1 + Cε) exp
(
−ε
2
(σ − 1)
)
+ Cε4(1 + Cε) exp
(
−ε
2
(σ − 1)
)
.
0>5AI1
J'/ 9( #3#2$ 2$/-)%9'
πC,ε,rem− = exp
(
σ
2µε
)
π˜C,ε,rem− ,
πC,ε,rem+,e = exp
(
−ε
2
(σ − 1)
)
π˜C,ε,rem+,e .
0>5A?1
 !"! #$%%& %& '())*  !+  !"
#$ %&$ '()*' +( ,&(-$ +.%+ π˜C,ε,rem− %*/ π˜
C,ε,rem
+,e 0 %&$ )* L
2(−∞, 0) %*/ L2(1,+∞)
&$1,$+)-$345 6$+ 71 8&)+$ +.$ ,&(93$: 1(3-$/ 94 π˜C,ε,rem− 0 π
C,ε,rem
+,i %*/ π˜
C,ε,rem
+,e ;

− µ(1 + Cε)∂2σπ˜C,ε,rem− +
(
h +
1
4µε2
− C
4µε
)
π˜C,ε,rem− −
C
µ
∂σπ˜
C,ε,rem
− = R˜−,
− µ(1 + Cε)∂2σπC,ε,rem+,i +
1
ε
∂σπ
C,ε,rem
+,i = R˜+,i,
− µ(1 + Cε)∂2σπ˜C,ε,rem+,e +
(
1
2
− µ(1 + Cε)ε
2
4
)
π˜C,ε,rem+,e
+
(
1
ε
− µ(1 + Cε)ε2
)
∂σπ˜
C,ε,rem
+,e = R˜+,e,
πC,ε,rem+,i (0) = π˜
C,ε,rem
− (0),
π˜C,ε,rem+,e (1) = π
C,ε,rem
+,i (1),
∂σπ
C,ε,rem
+,i (0) = ∂σπ˜
C,ε,rem
− (0) +
1
2µε
π˜C,ε,rem− (0),
∂σπ˜
C,ε,rem
+,e (1)−
ε
2
π˜C,ε,rem+,e (1) = ∂σπ
C,ε,rem
+,i (1).
<=5>>?
@(8 8$ %* (9+%)* +.$ 1%:$ A)*/ (B $*$&'4 $1+):%+$ %1 <=5="?;
µ(1 + Cε)
(∫ 0
−∞
(∂σπ˜
C,ε,rem
− )
2 +
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2 +
∫ +∞
1
(∂σπ˜
C,ε,rem
+,e )
2
)
+
1
8µε2
∫ 0
−∞
(π˜C,ε,rem− )
2 +
1
2
∫ +∞
1
(π˜C,ε,rem+,e )
2
≤
∫ 0
−∞
R˜−π˜
C,ε,rem
− π
C,ε,rem
+,i +
∫ 1
0
R˜+,i +
∫ +∞
1
R˜+,eπ˜
C,ε,rem
+,e , <=5>C?
D*$ %'%)* 8$ %* %91(&9 +.$ &)'.+E.%*/ 1)/$ )*+( +.$ 3$B+ .%*/ 1)/$ 94
*(+)*' +.%+;
∥∥∥R˜−∥∥∥
L2(−∞,0)
= O(ε3/2), <=5>F?∥∥∥R˜+,e∥∥∥
L2(1,∞)
= O(ε5/2), <=5CG?∥∥∥R˜+,i∥∥∥
L2(0,1)
= O(ε2). <=5C ?
 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
#$%& '&() (*+( ,) *+-) (*) .&$$&,/'0  !"#$"# )%(/1+()2
∫ 1
0
(πC,ε,rem+,i )
2 . (πC,ε,rem+,i (0))
2 +
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2
.
(∫ 0
−∞
∂σπ
C,ε,rem
−
)2
+
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2
.
(∫ 0
−∞
∂σ
(
exp
(
σ
2µε
)
π˜C,ε,rem−
))2
+
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2
.
(∫ 0
−∞
exp
(
σ
2µε
)(
∂σπ˜
C,ε,rem
− +
1
2µε
π˜C,ε,rem−
))2
+
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2
. ε1/2
(∫ 0
−∞
(∂σπ˜
C,ε,rem
− )
2 +
1
4µε2
∫ 0
−∞
(π˜C,ε,rem− )
2
)
+
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2.
3456!7
8*)' ,) &1:/') (*) ;<)-/&=% )%(/1+(/&'%> ,) &:(+/' .&< ε %1+$$ )'&=0*>
∫ 0
−∞
(∂σπ˜
C,ε,rem
− )
2 +
∫ 1
0
(∂σπ
C,ε,rem
+,i )
2 +
∫ +∞
1
(∂σπ˜
C,ε,rem
+,e )
2
+
1
µε2
∫ 0
−∞
(π˜C,ε,rem− )
2 +
1
2
∫ +∞
1
(π˜C,ε,rem+,e )
2
≤ O(ε5), 345647
,*/* /' (=<' 0/-)% (*) .&$$&,/'0 )%(/1+()2∥∥∥π˜C,ε,rem− ∥∥∥
L2(−∞,0)
= O(ε7/2), 3456?7∥∥∥πC,ε,rem+,i ∥∥∥
L2(0,1)
= O(ε5/2), 3456@7∥∥∥π˜C,ε,rem+,e ∥∥∥
L2(1,∞)
= O(ε5/2), 3456"7
+'A (*=% )'A% (*) ;<&&. &. B<&;&%/(/&' 45!
 !"! #$%%& %& '())*  !+  !"
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#$%&' ()* *+,-*$$%.&$ %& /012"3 %& /012234 5* 7& &.5 *+,7&8 F (C, ε) 9
F (C, ε) =
∫ 0
−∞
πC,ε− +
∫ 1
0
πC,ε+,i +
∫ +∞
1
πC,ε+,i + ε− µε2
=
∫ 0
−∞
πC,ε,rem− +
∫ 1
0
πC,ε,rem+,i +
∫ +∞
1
πC,ε,rem+,i
+
∫ 0
−∞
πC,ε,app− +
∫ 1
0
πC,ε,app+,i +
∫ +∞
1
πC,ε,app+,i + ε− µε2
=
∫ 0
−∞
πC,ε,rem− +
∫ 1
0
πC,ε,rem+,i +
∫ +∞
1
πC,ε,rem+,i
+ 2Cµε3 + Cε2 + ε3
∫ 1
0
θ(σ)
(
1− exp
(
σ − 1
µε
))
dσ + Cε+ ε− µε2
/01:"3
;*( <$ =-$( &.(* ()7(
θ(σ)
(
1− exp
(
σ − 1
µε
))
%$ >.<&8*8 >? 1 .& [0, 1] $. ()7(
ε3
∫ 1
0
θ(σ)
(
1− exp
(
σ − 1
µε
))
dσ = O(ε3). /01::3
@* &.5 *$(%A7(* ()* %&(*'-7B$ .C πC,ε,rem− 4 π
C,ε,rem
+,i 7&8 π
C,ε,rem
+,e 1 D%&*
E-.,.$%(%.& 01! '%F*$ <$ ()* .-8*- .C ()* -*$,*(%F* L2 &.-A$ .C π˜C,ε,rem− 7&8
π˜C,ε,rem+,e 4 5* 7& <$* ()*A %& ()* *$(%A7(%.& .C
∫ 0
−∞
πC,ε,rem− +
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#*%'1 +/=%- ,# (/) ' #)'(='1=,N%= )'#>9
 !"!# $%& '()*+& '%&,- ./0-,1234&51&16 782&+
M% $,-- (/$ 1%5,%$ )*% EHOG +/=%- $*,* ,# )*% 0/4(='),/( /0 /41 +/=%-9
I*% HO +/=%- /+%# 01/+ )*% +%'( 2%-= )*%/16 '(= =%#1,7%# )*% #)')% /0 )*%
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/8,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'-%9
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)68% /0 %;4'),/(J
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
∂tp(t, σ) =−G0γ˙(t)∂σp− 1
T0
H(|σ| − σc)p(t, σ)
+ Γ(p(t))δ(σ) + αΓ(p(t))∂2σp(t, σ),
Γ(p) =
1
T0
∫
H(|σ| − σc)p(t, σ)dσ,
∫
σ∈R
p(t, σ)dσ = 1
#$% &' ()* +$'-./$ %0.' $1&2%.)(3 4.-'% ()%$ %02% p .' 2 5&(%.)( )5 %0$
%.6$ t 2(+ )5 2 72-.2/8$ σ *0.0 02' ()%0.(9 %) +) *.%0 ':2$ /&% .' -2%0$-
2 ;6$')'):. '%-$''<3 =0$( σc 2(+ α 2-$ )('%2(%' +$:$(+.(9 )( %0$ >&.+?
σc .' 2 '%-$'' %0-$'0)8+ 2/)7$ *0.0 %0$ >&.+ -$82@ .( 2 A$-) '%-$'' '%2%$ *.%0
%B:.28 %.6$ T0 CD +$'.9(2%$' %0$ D$27.'.+$ 5&(%.)(E 2(+ α 2%' 2' 2 )(%-)8
:2-26$%$-? %0$ 0.90$- αF %0$ 8$'' %0$ >&.+ 2( '%-&%-&-$ .%'$85 2(+ %0$ 6)-$
.% /$027$' 8.G$ 2 H$*%)(.2( >&.+3
=0$ .+$2 /$0.(+ %0.' 6)+$8 .' %) .629.($ %02% .( %0$ 62%$-.28 .' )6:)'$+
)5 6$')'):. :2-%.8$' *0.0 &(+$-9) %0$ '0$2- -2%$ γ˙(t)3 I20 )5 %0$'$
:2-%.8$ 02' .%' )*( '%-$''3 =0$( p(t, σ)dσ .' %0$ 82''.28B %0$ (&6$- )5
:2-%.8$' *0)'$ '%-$'' .' 2-)&(+ σ *.%0 82%.%&+$ dσ3 H)* *0$( '&/6.%%$+
%) 2 '0$2- -2%$ γ˙(t) %0$ '%-$'' )5 2 :2-%.8$ $7)87$' *.%0 %0$ 5)88)*.(9 -&8$?
.5 .% .' '6288$- %02( %0$ '%-$'' %0-$'0)8+ σc %0$( .% $7)87$' 8.($2-8B .( %.6$3
=0.' /$027.)&- .' 288$+ 2( $82'%. /$027.)&- '.($ .% 6.6.' %0$ /$027.)&-
)5 62-)'):. $82'%. D))G$2( ')8.+'3 J5 %0$ '%-$'' 9-)*' /$B)(+ σc %0$(
%0$ :2-%.8$ *.8 $(%$- .(%) 2 -$82@2%.)( :02'$ 2(+ .%' '%-$'' *.88 $@:)($(%.288B
+$-$2'$ %) 03 =0$ 82'% 6$02(.'6 .' %0$ 5)88)*.(9? *0$( 2 :2-%.8$ -$82@$'
%) 0 .% *.88 .(+&$ 2 6)+.K2%.)( )5 %0$ '%-$'' %) 288 %0$ )%0$- :2-%.8$'3 =0.'
2)&(%' 5)- %0$ :82'%. /$027.)&- )5 %0$ 62%$-.283
=0$ $1&2%.)( 9.7$' %0$ 6$')'):. '%2%$ p3 =0$ 27$-29$ :-)$+&-$ *$
6$(%.)(($+ 288)*' %) -$)7$- %0$ 62-)'):. '%-$'' τ /B∫
σ∈R
σp(t, σ)dσ.
4)- 6)-$ +$%2.8' )( %0$ &(+$-8B.(9 :0B'.28 .+$2'F *$ -$5$- %) L!M℄ 2(+
LO"℄3
 !"! #$%% &'()*+,-% .*/'%,0-1,*(
#$% &' .(%-)+&$ 0$-$ )&- ($* 6)+$83 P.($ %0.' .' 2 K-'% 2%%$6:% *$ 027$
62+$ '.6:8.K2%.(9 2''&6:%.)('3 Q&- 6)+$8 )(8B *)-G' 5)- 7$8).%.B K$8+'
 !"! #$%&'()*+($,  !"
u #$%$ '() %*+,-()..%/0)1 2. .3$ 4$) 5'3$6 .4().. 4)*.+(7 /) %4 8,).+9
.+-%: +( 8,'(+.+-%: .$+30; /) 4(')0)..1 <+#)=)( #) #%00 .)4 +3( ,+;)0
+* 4$) >300 .-') +> .6,,)4(% ,'4(%).1 ?) @+4) Σ 4$) 8,).+.+-%: ='(%9
'/0)1 A$) .4'4) %. .4%00 ;).(%/); /6 ' -(+/'/%0%46 ;)*.%46 p #%4$ ().-)4 4+
4$) B)/).C3) ,)'.3() +* 4$) .6,,)4(% ,'4(%). D'00 4$) 4)$*%'0 ;)4'%0.
'* /) >+3*; +* E)4%+* FG1 A$) *+(, 3.); %. |Σ|2 = Tr(ΣΣT )1 A$) ='(%'/0)
x %. 4$) .-') -+.%4%+* '*; '. .3$ ' =)4+( +> R31 A$) )H3'4%+* ()';.I
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =
− 2G0D(∇u) : ∇Σp(t, x,Σ)
− 1|Σ|>σc(Σ)
T0
p(t, x,Σ) + Γ(p)(t, x)ρ(Σ)
+ αΓ(p)(t, x)∆Σp(t, x,Σ) DJ1"G
#%4$ ga(T,∇u) = TW (∇u)−W (∇u)T −a(D(∇u)T +TD(∇u)) '*; D(M)7
W (M) '() 4$) .6,,)4(% '*; .K)#9.6,,)4(% -'(4 +> 4$) ,'4(%L M 1 A$)
+-)('4+(. ∆Σ '*; ∇Σ '() ;).(%/); /)0+#1 ρ %. ' (';%'0 ;)*.%46 -(+/'/%0%46
#%4$ +,-'4 .3--+(4 %* 4$) /'00 {|Σ| < σc}7 ()-0'%*C 4$) M%(' ,'.. 4$'4
#'. %* 4$) 1d ,+;)01
N* 4$%. .)4%+* #) )L-0'%* $+# #) ;).%C*); 4$) ,+;)0 J1"1 A$) ,'%*
;%O3046 4+ )L4)*; 4+ ' ,304%;%,)*.%+*'0 .)44%*C %. 4$) *)); >+( >(',) %*9
='(%'*)1 A$%. -(+/0), '0()';6 '(%.). #$)* +*) 4(%). 4+ )L4)*; 4$) .%,-0)
P'L#)00 ,+;)0 >+( =%.+)0'.4% Q3%;.1 N4 %. ' ,+;)0 >+( 5+3)44) Q+#. '*;
#$)* +*) 4(%). 4+ )L4)*; %4 4+ ,304%;%,)*.%+*'0 .)44%*C +*) ()'0%.). 4$'4 4$)
,+.4 ;%()4 C)*)('0%R'4%+* =%+0'4). 4$) >(',) %*='(%'*)1 A$) .',) -(+/0),
#%00 '(%.) $)()1
A$) >(',) %*='(%'*) %. 4$) .4'4),)*4 4$'4 #$)* #+(K%*C %* ;%S)()*4
>(',). +*) .$+30; +/.)(=) 4$) .',) /)$'=%+3( +> 4$) ,'4)(%'01 5+*.)H3)*406
4$) )H3'4%+*. +> .4'4) +> ' ,'4)(%'0 .$+30; /) %*;)-)*;)*4 +> 4$) >(',)1 2
$'*C) +> >(',) %. (+3C$06 ' (+4'4%+* +> 4$) -$6.%'0 .-') +> ,'4(%L Q1
B)4 3. *+4) x∗ = Qx1 ?$)* +*) $'*C). >(',)7 4$) .4().. Σ '4 -+%*4 x
%. 4('*.>+(,); %* 4+ Σ∗ '4 -+%*4 x∗ #%4$ 4$) >+00+#%*C ,'4(%%'0 ()0'4%+*
Σ∗ = QΣQT 1 @+# #$)* #) #'*4 4+ #(%4) )H3'4%+*. %*=+0=%*C 4$) .4().. +(
H3'*4%4%). ()0'4); 4+ 4$) .4().. #) $'=) 4+ /) '()>30 4+ 3.) H3'*4%4%). 4$'4
;+ *+4 ;)-)*; +* 4$) >(',)1
B)4 3. *+4) Sd 4$) =)4+( .-') +> d9;%,)*.%+**); .6,,)4(% .-') #$%$
#) '00 4$) .4().. .-') Dd %. )H3'0 4+ T +( ! #$%$ ,)'*. 4$'4 4$) .4().. .-')
%. +> ;%,)*.%+* n )H3'0 ().-)4%=)06 4+ ! +( UG1 V+( ' C%=)* .6,,)4(% ,'4(%L
S ∈ Sd #) *+4) /6 |S|2 4$) >+00+#%*C W30%;)'* *+(,I
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
|S|2 =
∑
i
S2ii + 2
∑
i<j
S2ij = Tr(SS
T ). #$%"&
'( )*+( +,-+ +,./ )*01 ./ 20-1( .)3.4(0()+ 2*0 +,( /+0(// /5-(% 7*0 Q .) Od
#+,( /(+ *2 *0+,*8*)-9 1-+0.(/& :( )*+( φQ +,( ./*1*05,./1 *2 +,( /5-( *2
d;<=;d /=11(+0. 1-+0.(/ 3(>)(3 <= φQ(Σ) = QΣQ
T
%?,() :( ,-@(
|Σ∗|2 = Tr(Σ∗(Σ∗)T )
= Tr(QΣQT (QΣQT )T )
= Tr(QΣQTQΣTQT )
= Tr(ΣΣT )
= |Σ|2
#$%A&
/.)( QT = Q−1% ?,B/ φQ ./ - 1(+0. 50(/(0@.)8 ./*1*05,./1% '( -) -9/*
/,*: +,-+ detφQ = (detQ)
d+1
% ',() d ./ *33 :( +,() ,-@( detφQ = 1 -)3
+,() φQ ./ - 0*+-+.*) .) +,( /5-( (Sd, | · |)% 7*0 +,( /-C( *2 <0(@.+= :( /,-99
-99 φQ - 0*+-+.*) .) /+0(// /5-( (@() .2 d ./ (@()%
'( :.99 )*: 9**C 2*0 - 3()/.+= *2 50*<-<.9.+= p(t, x,Σ) *@(0 Sd% ?,( (D+0-
/+0(// +()/*0 :.99 <( *15B+(3 <= +,( 2*01B9-
T (t, x) =
∫
Σp(t, x,Σ)dΣ
#$%E&
:,(0( +,( 1(-/B0( dΣ ./ /.159=
∏
i≤j
dΣij #- 1(-/B0( :,., ./ -+B-99= .)@-0.;
-)+ <= 0*+-+.*) .) /+0(// /5-(&% '( (D+()3 +,( 0(9-D-+.*) 5-0+ <= @.0+B-99=
+,( /-1( 2*01B9- +,-) .) *)( 3.1()/.*) (D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*150(//.<9( F*:/
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(/&% '( )*: )*+( Γ(p) =
∫
|Σdev|>σc
p(t, x,Σ)dΣ
-)3 +,( 0(9-D-+.*) 5-0+ <(*1(/G
−1|Σdev|>σc(Σ)
T0
p(t, x,Σ) + Γ(p)(t, x)ρ(Σ). #$%I&
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∆Σp =
3∑
i=1
∂2Σiip+ 1/2
∑
i<j
∂2Σij , 8>< ?;
&') (0$ )*+42*.' (0$' @$.7$2
αΓ(p)∆Σp. 8><  ;
A.% 9., (0$ $-&2(* /&,( %$ B42( %&'( (. .@(&*' C..D$E2 -&% 9., -*'$&,
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*(F 2. %$ /4(G
2G0D(u) : ∇Σp. 8>< H;
2. (0&( %0$' %$ *'($5,&($ &5&*'2( Σ %$ .@(&*' G0D(u) %0$,$ : *2 (0$ 424&-
($'2., .'(,&(*.' A : B =
∑
i,j
AijBij 82$$ @$-.%;< I*'&--F %$ 0&3$ (. (,$&(
(0$ (*7$ )$,*3&(*3$< J2 424&- %$ 0&3$ (. 42$ &' .@B$(*3$ (*7$ )$,*3&(*3$
&') 9., (0&( %$ 0&3$ (. &)) ($,72 (. (0$ $K4&(*.' @$&42$ %$ '$$) (. 7&D$
24,$ (0&( (0$ ,$24-(*'5 ($'2., *2 9,&7$ *')*+$,$'(< J-.'5 (0$ -*'$ .9 (0$
L//$,M.'3$($) N&O%$-- 8LPN; 7.)$-Q %$ %&'( (0$ *'$,(*&- /&,( (. -..D
-*D$ G
dT
dt
+ ga(T,∇u) = ∂tT + u · ∇xT + ga(T,∇u), 8>< !;
%0$,$ ga(T,∇u) = TW (∇u) − W (∇u)T − a(D(∇u)T + TD(∇u)) %*(0
D(∇u) = (∇u + (∇u)T )/2 &') W (∇u) = (∇u − (∇u)T )/2 &') a ∈ [−1, 1]<
J(4&--F %0$' (0$ R.% *2 *'.7/,$22*@-$ 8*<$< %0$' %$ 0&3$ div u = Tr(D(∇u)) =
0 (0$ 2&7$ )$,*3&(*3$ &' @$ 42$) &( (0$ 7$2.2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 -$3$-< S')$$)Q -$( 42
.'2*)$, (0$ ($,7 ga(Σ,∇u) : ∇Σp< S( *2 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MΣ : ∇Σp ., ΣM : ∇Σp %0$,$ M *2 & (,&$-$22 7&(,*O 8$*(0$, @$&42$ N *2
2D$%M2F77$(,*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&42$ *(2 (,&$ *2 div u = 0;< A.% 74-(*/-F @F Σ &')
*'($5,&($ .3$, 2(,$22 2/&$< L2*'5 6*'2($*'E2 2477&(*.' .'3$'(*.' %$ 0&3$G[∫
Σ
(MΣ : ∇Σp(Σ)) ΣdΣ
]
ij
=
∫
Σ
MklΣlm∂Σkmp(Σ)ΣijdΣ
= −
∫
Σ
Mklp(Σ)∂Σkm(ΣijΣlm)dΣ
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∫
Σ
Milp(Σ)ΣljdΣ−
∫
Σ
Mllp(Σ)ΣijdΣ
8>< >;
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Σ
MΣ : ∇ΣpΣdΣ = −MT − Tr(M)T 678 9:
;/%*(/+)' +$%& =3->(& +$2+ .$(/ -/( %/+(032+(& −G0D(∇u) : ∇Σp 202%/&+
Σ -/( ?/*& 2G0D(∇u)T 2& %/ +$( @AB B-*()8 C-. 2& .( /-+(*D +$(
12+3%4 .( -/&%*(3 23( +32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ga(Σ,∇u) : ∇p5 %+& %/+(032) %& 0 F/*(3 +$( -/&+32%/+ +$2+ div u %& 08 ;/*((* %,
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∫
Σ
(MΣ : ∇Σp(Σ)) dΣ =
∫
Σ
MikΣkj∂Σijp(Σ)dΣ
= −
∫
Σ
Miip(Σ)dΣ
678 H:
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Σ∈Rn
ga(Σ,∇u) : ∇Σp(Σ)dΣ = 2a(div u)
∫
Rn
p. 678 I:
E( ?/2))' -G+2%/ +$( ,-))-.%/0 1-*()5
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =
− 2G0D(∇u) : ∇Σp(t, x,Σ)
− 1|Σ|>σc(Σ)
T0
p(t, x,Σ) + Γ(p)(t, x)δ0(Σ)
+ αΓ(p)(t, x)∆Σp(t, x,Σ)
.%+$ ga(T,∇u) = TW (∇u)−W (∇u)T − a(D(∇u)T + TD(∇u))8 C-+( +$2+
%/+(032+%/0 +$%& (JF2+%-/ 202%/&+ -/( '%()*& +$( 0(/(32) 3()2+%-/5
∂t
∫
p− 2a(div u)
∫
p = Γ− 1
T0
∫
|Σ|>σc
p 678 ":
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-/&(3>2+%-/ -, +$( %/+(032)
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∫
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p. 678 M:
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Σ′ =
Σ
σc
, p′ = σnc p, Γ
′ =
∫
|Σ′|>1
p′(Σ′)dΣ′, <=5>?@
A+7 1%&+&+B' 8*7'*9/%& *,2
x′ =
x
L
, t′ =
t
T
, u′ =
T
L
u <=5> @
A+7 1*7+&+B'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λ =
G0
σc
, We =
T0
T
, µ =
α
σ2c
, <=5>>@
6% 7%67'(% ($% &0&(%1 *&
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =
− 2λD(u) : ∇Σp(t, x,Σ)
− 1|Σ|>1(Σ)
We
p(t, x,Σ) +
1
We
Γ(p)(t, x)δ0(Σ)
+
µ
We
Γ(p)(t, x)∆Σp(t, x,Σ) <=5>!@
+1B/%(%2 6'($ ($% +,&(7*',( ∫
Rn
p = 1, <=5>=@
*,2 &+1% ','('*/ 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% ,+( ($%
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%/%&& &011%(7'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+)/2 6+7E ', ($'&
&B*% <($'& 6+)/2 1%*, 6+7E',D ', *, n− 1F2'1%,&'+,*/ &B*% ',&(%*2 +A *,
nF2'1%,&'+,*/ &B*% 6'($ n = d(d+ 1)/2 *,2 d '& 2 +7 3 *,2 '& ($% B$0&'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&B*% 2'1%,&'+,@
 !" #$%& '()*+,)
#+ &()20 ($% D/*&& (7*,&'('+, ', +)7 1+2%/ '& (+ &()20 ($% /+6 2%A+71*('+,
7*(% /'1'( +A ($% &(*('+,*70 8%7&'+, +A <=5>!@5 #$% G)%&('+, '& %G)'8*/%,(
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$ %#&'()*+ #,- .)/)# 0% ε → 0 $1 0 %$.&#)$* pε 2%&33$%-' #$ -4)%#56 $1 #,-
1$..$7)*+ 38$9.-/
− µΓε∆pε + ε (AΣ + A0) · ∇pε + 1|Σ|>1(Σ)pε = Γερ,
Γε =
∫
|Σ|>1
pε(Σ)dΣ,
23/2 =
∫
R6
pε(Σ)dΣ.
:# )% 0#&0..( /$8- $*<-*)-*# #$ 7$8= 7)#, #,- 1$..$7)*+ ->&)<0.-*# %(%#-/6
7,-8- 7- ,0<- %-3080#-' 7,0# ,033-*% )*%)'- 0*' $&#%)'- #,- &*)# 90..?
− µΓε∆qε + ε(AΣ + A0) · ∇qε = Γερ )* |Σ| < 1,
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∫
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#,- 0%(/3#$#) -430*%)$*% 7- /0=-? C,)% %-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- 0*'
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∫
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− κ∆q¯ = f *4 |Σ| < 1
− κ∆r¯ + r¯ = 0 *4 |Σ| > 1
q¯ = r¯ %4 |η| = 1
∂ν q¯ = ∂ν r¯ %4 |η| = 1
*) -(,,H$%)(; *4 W1,β(B)× Y 0
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$) +),0 9( +# +)( +# ./( #+,,+6&)% .02(*
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q(Σ) = Q
0
+ εQ
1
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2
+ . . . ,
r(Σ) = R
0
+ εR
1
+ ε2R
2
+ . . . ,
7!08P:
6/(7( Q
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$)8 R
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$7( #-).&+)* +# Σ!
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0
+ ε1/2Q
1
+ εQ
2
+ . . . ,
r(Σ) = ε1/2R1 + εR2 + . . . ,
7!08@:
6/(7( Q
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&* $ #-).&+) +# Σ $)8 Rk &* $ #-)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0
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1
+ ε2/5Q
2
+ . . . ,
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.6< ε ∼ |∇u| 23 . A432029+ 68-C+, 0148G10 .3 3-.::$ L4, +E.-A:+ ;4, 01+ 2d
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.6< ε = |ε˙| = |∇u|/
√
2$ H1+6 51.0
5+ 5.60 04 308<F 23
− µ
We
Γ∆Σp+ ε(2λD(M)− ga(Σ,M)) : ∇Σp+ 1
We
h(|Σ|)p = 1
We
Γδ0∫
Σ∈S(Rd)
p(Σ)dΣ = 1
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+ S(R3) (/ $5+4($;) $( *$(, R6 .$- (,+ 2-<Σ199
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Σ5 Σ6 Σ3
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√
2Σi, =!9"G?
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Σ∈S(Rd)
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− µΓ∆q + εL(Σ,∇)q = Γρ "# |Σ| < 1, $!%&'(
− µΓ∆r + εL(Σ,∇)r + r = 0 "# |Σ| > 1, $!%&)(
q = r *# |Σ| = 1, $!%&+(
∂nq = ∂nr *# |Σ| = 1, $!%!,(∫
|Σ|≤1
q(Σ)dΣ +
∫
|Σ|>1
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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- 8#-/=.
∫
|Σ|≤1
G(Σ)(−µc˜2l∆ψ(Σ))dΣ = −
∫
|Σ|≤1
L(Σ,∇)Q0(Σ)ψ(Σ)dΣ, &'( D *
 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"
#$% &$' #$ )'* +)#+ −µc˜2l∆ψ = 1, -& +& &./0+' +)' 1$+'23#4 &5 G 6'
&$47 $''% +& &./0+'
∫
|Σ|≤1
L(Σ,∇)Q0(Σ)ψ(Σ)dΣ, 80+ 6' )#9'
∫
|Σ|≤1
L(Σ,∇)Q0(Σ)ψ(Σ)dΣ =∫ 1
r=0
1− r2
12µ2c˜2l
∂rQ
0
(r)r5
(∫
|η|=1
(Aη + A0) · ηdη
)
dr, :;, <=>
#$% +)' 1$+'23#4 &$ +)' ?/)'3' 1? @'3& A'#0?' A 1? +3#'4'??, B)1? 1? +)'
1$5&3.#+1&$ 6' $''% :#$% 1? 3'.1$1?'$+ &5 +)' 5#+ +)#+ +)' ?1.14#3 +'3.
1$ +)' 1d .&%'4 6#? &%% #$% +)0? &5 @'3& 1$+'23#4 CD;℄>, F$%''% 6' $&6
)#9' #2#1$ # &$+3#%1+1&$ A'+6''$ c˜2l 6= 0 #$%
∫
Q
s−2l
= 0, G&$?'H0'$+47
s − 2l < l #$% 1$ 5#+ Qs−2l = G, F$ +)1? #?' +)' 50$+1&$ Qs−2l I$#447
?#+1?I'? +)' 5&44&61$2J{
− µc˜2l∆Qs−2l = −L(Σ,∇)Q0 1$ |Σ| < 1,
Q
s−2l
= 0 &$ |Σ| = 1,
:;, <">
 !"!# $%&'( )*+,'&-' .'-/0,!
 !"#$%&' &( $)* +)%,- .'$*,%&, /,&01*
K' $&6 4&&* 5&3 +)' $'L+ $&$ +3191#4 /3&A4'., K' #$ ?+144 4&&* #+ +)' 1$+'31&3
/3&I4'?M ?1$' 6' )#9' $&+ 0?'% +)' A&0$%#37 &$%+1&$ Rl(0) 7'+, -0//&?'
l < 2s− 4l, B)'$ 6' )#9' # /3&A4'. &$ +)' /3&I4' Ql 6)1) 1?
− µc˜2l∆Ql = µc˜5s−l∆Qs−2l,
Q
l
(η) = Rl(0),∫
|Σ|≤1
Q
l
= 0.
:;, <;>
B)1? ?7?+'. )#? # ?&40+1&$Q
l
= Rl(0)+(c˜5s−l/c˜2l)Q
s−2l
#$% 6' *$&6 +)#+ +)'
1$+'23#4 &5Q
s−2l
1? 0 ?& 6)#+'9'3 +)' 9#40' &5 c˜5s−l 6' ?+144 )#9' # &$+3#%1+1&$
A'+6''$
∫
Q
l
= 0 #$% c˜2l 6= 0, -& 6' .0?+ )#9' 2s − 4l ≤ l #$% +)' $'L+
/3&I4' +& )#9' # $&$ +3191#4 /3&A4'. 1? Q
2s−4l
6)1) )#? 'H0#+1&$
−µc˜2l∆Q2s−4l = −L(Σ,∇)Qs−2l + µc˜s∆Qs−2l, :;, <D>
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$% &'($%#)* '$%,-,'$ 0 ,. 2s − 4l < l #$% '$/-#$- ,. 2s − 4l = l0 12
,$-)'%(2 # $23 -245')#)* .($-,'$ G˜ 36,6 /#-,/72/ -62 .'88'3,$9:{
− µc˜2l∆G˜ = −L(Σ,∇)Qs−2l,
G˜(η) = 0,
;"0 <!=
>* 8,$2#),-* 32 #$ %2'45'/2 -62 .($-,'$
Q
2s−4l
= 12s−4l=lR
l(0) + G˜+
c˜s
c˜2l
Q
s−2l
. ;"0 <?=
@62 7)/- -2)4 -#A2/ ,$-' #'($- -62 5'//,&,8,-* '. 6#B,$9 # $'$ C2)' &'($%D
#)* B#8(2 ,. 2s− 4l = l ;-62 &'($%#)* B#8(2 ,/ C2)' ,. 2s− 4l < l=#$% -62 8#/-
-3' -2)4/ #'($- .') -62 -3' 5#)-/ ,$ -62 ),96- 6#$% /,%2 '. -62 2E(#-,'$
;"0 <F=0 @' /'8B2 -62 5)'&824 '$ Q
2s−4l
32 6#B2 -' 62A -6#-
∫
Q
2s−4l
,/ 00
>(- 32 6#B2:
∫
|Σ|≤1
Q
2s−4l
(Σ)dΣ = 0 =
S5
6
12s−4l=lR
l(0) +
∫
|Σ|≤1
G˜(Σ)dΣ, ;"0 <G=
/,$2 32 #8)2#%* A$'3 -6#- -62
∫
Q
s−2l
,/ C2)'0 H2#88 -6#- -62 B'8(42 '. -62
($,- &#88 ,$ %,42$/,'$ n ,/ Sn−1/n0 12 -6(/ 6#B2 -' '45(-2 -62 ,$-29)#8 '.
G˜0 I/,$9 -62 -2/- .($-,'$ ψ 32 A$'3 -6#- -62 ,$-29)#8 '. G˜ ,/ 2E(#8 -'
∫
|Σ|≤1
G˜ = −
∫
|Σ|≤1
L(Σ,∇)Qs−2l(Σ)ψ(Σ)dΣ
= −
∫
|Σ|≤1
(
AΣ + A0
) · ∇Qs−2l(Σ)ψ(Σ)dΣ. ;"0 <J=
12 %2'45'/2 A = As + Aa 362)2 As ,/ -62 /*442-), 5#)- '. A #$%
Aa ,-/ /A23D/*442-), 5#)-0 @6,/ %2'45'/,-,'$ ,/ /'4236#- )24,$,/2$-
'. -62 %2'45'/,-,'$ '. ∇u ,$-' ,-/ /*442-), #$% /A23D/*442-), 5#)- ,$
-62 /-(%* '. -62 3288 5'/2%$2// '. /'42 /-#-,'$#)* K'AA2)DL8#$A 2E(#-,'$
#),/,$9 ,$ -62 /-(%* '. 5'8*42), M(,% -6#- ,/ %'$2 &*  !"#$%&'( )* +#&,(
)*-&./#* #$% 011! N"O℄ ') 2#'!-$( 3%#&--! #$% 4%'5&'& NQ℄0 12 #$
-62$ 3),-2
AsΣ + A0 = ∇
(
1
2
AsΣ · Σ + A0 · Σ
)
, ;"0  <=
 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"
#$% &$'()*#'( +, -#*' '. /$%0
−
∫
|Σ|≤1
L(Σ,∇)Qs−2l(Σ)ψ(Σ)dΣ
=−
∫
|Σ|≤1
(
AΣ+ A0
) · ∇Qs−2l(Σ)ψ(Σ)dΣ
=−
∫
|Σ|≤1
∇
(
1
2
AsΣ · Σ+ A0 · Σ
)
· ∇Qs−2l(Σ)ψ(Σ)dΣ
−
∫
(AaΣ) · ∇Qs−2l(Σ)ψ(Σ)dΣ
=
∫
|Σ|≤1
(
1
2
AsΣ · Σ + A0 · Σ
)
∆Q
s−2l
ψ(Σ)dΣ
+
∫
|Σ|≤1
(
1
2
AsΣ · Σ + A0 · Σ
)
∇Qs−2l · ∇ψ(Σ)dΣ
−
∫
|Σ|≤1
(AaΣ) · ∇Qs−2l(Σ)ψ(Σ)dΣ
=I1 + I2 − I3
123   4
5( $.6 .8-9'( (#: .; ':( Ik <(-#*#'(=,3
 !"#$%&%'!( !) I3
5( /*<' $.'( ':#'
I3 = −
∫
ψ(Σ)Σ · Aa∇Qs−2l(Σ)dΣ
#$% 9<&$) ':( ':( ;#' ':#'> ;*.8 123 ??4> ψ &< *#%&#=
= −
∫
|Σ|≤1
∇
(∫ |Σ|
rψ(r)dr
)
·Aa∇Qs−2l(Σ)dΣ
=
∫
|Σ|≤1
(∫ |Σ|
rψ(r)dr
)
div
(
Aa∇Qs−2l
)
(Σ)dΣ
= 0
123  @4
+(#9<( div (Aa∇Qs−2l) = Aa : d2Qs−2l #$% ':&< .$'*#'(% -*.%9' &< 0 <&$(
&' &< ':( .$'*#'(% -*.%9' .; # <,88('*& 8#'*&A +, # <B(6C<,88('*& .$(3
 !!  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
 !"#$%&%'!( !) I1
"# $%# &'# #($)&*+, -+..+/#0 12 Q
s−2l
-3+4 567 89: &+ /3*&#
I1 =
∫
|Σ|≤1
(
1
2
AsΣ · Σ+ A0 · Σ
)
1
µc˜2l
(
AΣ + A0
) · ∇Q0(Σ)ψ(Σ)dΣ
=
∫
|Σ|≤1
(
1
2
AsΣ · Σ+ A0 · Σ
)
1
µc˜2l
(
AΣ + A0
) ·(∂rQ0(|Σ|) Σ|Σ|
)
ψ(Σ)dΣ
567  9:
"# ), %*4<.*-2 &'*% .)%& *,&#=3). 12 $%*,= &'# '),=# +- >)3*)1.# Σ→ −Σ
&+ 3#4+># &'# +00 <)3& +- &'# -$,&*+,7 ?'*% .#)0% &+@
∫
|Σ|≤1
(
1
2
AsΣ · Σ + A0 · Σ
)
1
µc˜2l
(
AΣ+ A0
) · (∂rQ0(|Σ|) Σ|Σ|
)
ψ(Σ)dΣ
=
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| (A
sΣ · Σ)2 dΣ
+
1
µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ|
(
A0 · Σ)2 dΣ
567  6:
"# ,+&# &')& %*,# As *% %244#&3* /# ), $%# ), +3&'+=+,). 4)&3*A &+
'),=# >)3*)1.#% ),0 /3*&#@
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| (A
sΣ · Σ)2 dΣ
=
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ|
(∑
i
λiΣ
2
i
)2
dΣ
=
∑
i,j
λiλj
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| Σ
2
iΣ
2
jdΣ,
567  B:
/'#3# &'# λi )3# &'# #*=#,>).$#% +- &'# %244#&3* <)3& +- A7 C$& *& *% .#)3
&')& ∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| Σ
2
iΣ
2
jdΣ
 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"
#$%& '$( #%)%'# $' (i, j) *+%' i 6= j ,'# #$%& '$( #%)%'# $' i *+%' i = j-
.+%/%0$/% (+%/% ,/% (*$ $'&(,'(
C =− 1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| Σ
2
1Σ
2
2dΣ, 23-  !4
C ′ =− 1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| Σ
4
1dΣ, 23-  "4
23-  54
&$ (+,( *% +,6%
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| (A
sΣ · Σ)2 dΣ = −C
∑
i
λ2i − C ′
∑
i6=j
λiλj.
23-  74
8% /%9,/: (+,( &;'% Q
0
= (1/µc)E *% +,6% <= 9,>;9?9 )/;';)@% ∂rQ
0
< 0
,'# 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C$(% (+,(B <%,?&% As ;& (/,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∑
i6=j
λiλj = (
∑
i
λi)
2−∑
i
λ2i = −
∑
i
λ2i - D;',@@= *% +,6%
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| (A
sΣ · Σ)2 dΣ = −(C − C ′)
∑
i
λ2i . 23- EF4
C$(% (+,(
2C − 2C ′ = − 1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ|
(
Σ41 + Σ
4
2 − 2Σ21Σ22
)
dΣ 23- E 4
,'# (+?& C − C ′ ;& )$&;(;6%- .$ @%,/ $?( (+% $9)@%(% #%)%'#%'% $' (+%
),/,9%(%/ *% ?&% Q
0
= (1/µ)E ,'# 23- FF4 ,' ;' 0,( &,= (+,( *% +,6%G
1
2µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ| (A
sΣ · Σ)2 dΣ = − C2
µ3c˜22l
∑
i
λ2i . 23- EE4
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$%&% '(# C2 )* + ,-&%./ '-0%&)+. ('*2+'2 #)2$ %3,&%**)('4
C2 = −1
2
∫
|Σ|≤1
ψ0(|Σ|)E ′(|Σ|)
|Σ|
(
Σ21 − Σ22
)2
dΣ
+'5 -*)'6 2$+2 E ′ < 0 +'5 2$% %3,&%**)(' (7 ψ0 7&(0 89:;;<
=
1
24
∫
|Σ|≤1
(1− |Σ|2)|E ′(|Σ|)|
|Σ|
(
Σ21 − Σ22
)2
dΣ,
89: =><
?' 2$% *+0% 7+*$)(' #% $+@% + ,-&%./ '-0%&)+. ,(*)2)@% ('*2+'2 C3 *-$
2$+2
− 1
µc˜2l
∫
|Σ|≤1
ψ(Σ)∂rQ
0
(|Σ|)
|Σ|
(
A0 · Σ)2 dΣ = − C3
µ3c˜22l
|A0|2. 89: =9<
#$%&%
C3 =
1
12
∫
|Σ|≤1
(1− |Σ|2)|E ′(|Σ|)|
|Σ| Σ
2
1dΣ. 89: =A<
B)'+../ #% $+@% ,&(@%' 2$+2 #% $+@%
I1 = − 1
µ3c˜22l
(
C2
∑
i
λ2i + C3|A0|2
)
. 89: =!<
 !"#$%&%'!( !) I2
C%+.. 2$+2 #% $+@%
I2 =
∫
|Σ|≤1
(
1
2
AsΣ · Σ+ A0 · Σ
)
∇Qs−2l · ∇ψ(Σ)dΣ 89: =D<
E% )'2%6&+2% F/ ,+&2* +6+)'4
I2 = −
∫
|Σ|≤1
Q
s−2l
div
((
1
2
AsΣ · Σ + A0 · Σ
)
∇ψ(Σ)
)
dΣ. 89: ="<
E)2$ *(0% %.%0%'2+&/ 5)G%&%'2)+. +.-.-* #% H'5
div
((
1
2
AsΣ · Σ+ A0 · Σ
)
∇ψ(Σ)
)
=
−7
6µc˜2l
(
1
2
AsΣ · Σ+ A0 · Σ
)
89: =;<
 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"
#$% &'()*
I2 = 7
6µc˜2l
∫
|Σ|≤1
(
1
2
AsΣ · Σ + A0 · Σ
)
Q
s−2l
dΣ +,- ./0
12 $22% &3 %23563)2 7$&3 282$ #$% 3%% 6#9&)- :2& () 7$&93%(2 &'2 &;3
<($&73$) G1 #$% G2 )#&7)<=7$> &'2 <3??3;7$> 693@?25)* − µc˜2l∆G1 = −∂rQ
0
(|Σ|)A
sΣ · Σ
|Σ| 7$ |Σ| < 1,
G1 = 0 3$ |Σ| = 1,
+,- . 0
#$%  − µc˜2l∆G2 = −∂rQ
0
(|Σ|)A
0 · Σ
|Σ| 7$ |Σ| < 1,
G2 = 0 3$ |Σ| = 1,
+,- .A0
B< ;2 )(5 &'2 97>'&C'#$% )7%2) 3< &'2 2D(#&73$ 3<G1 #$%G2 ;2 E$%−L(Σ,∇)Q0
)3 &'#& @= ?7$2#97&= ;2 '#82 Q
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= G1 +G2-
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#$ ()2 &'#& G1 7) 7$8#97#$& &'93(>' &'2 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($%29 &'2 )#52 '#$>2 G2 7) 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352) <935 &'2 <#& &'#&
&'7) 7) &9(2 <39 &'279 :#6?#7#$)0- G3 ;2 #$ )6?7& &'2 7$&2>9#? 7$ &;3 &295)*
I2 = 7
6µc˜2l
∫
|Σ|≤1
(
1
2
AsΣ · Σ
)
G1(Σ)dΣ +
7
6µc˜2l
∫
|Σ|≤1
(
A0 · Σ)G2(Σ)dΣ
= J1 + J2.
+,- ..0
 !"#$%&%'!( !) J1*
12 $3; 7$&93%(2 #$ 39&'3>3$#? 5#&97H Q )(' &'#& QTAsQ 7) # %7#>3$#?
5#&97H- 12 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3$)7%29 &'2 <($&73$
G∗1 )(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∗
1(S) = G1(Σ)- I'2 <($&73$ G
∗
1 &'() )#&7)E2) &'2 <3??3;7$>
2D(#&73$*
−µc˜2l∆G∗1 = −
∑
i
λi
∂rQ
0
(|S|)
|S| S
2
i . +,- .,0
F3; 7$&93%(7$> G1 ;'7' )#&7)E2)* −∆G1 = −
E ′(
√
y2 + |y′|2)√
y2 + |y′|2 y
2
G1 = 0
+,- .J0
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
 !"#" (y, y′) $"%&'() *' +!" ,'*+ $-%% &. R6/ G1 -' $" )""' -) - .,'+*&' &.
y -'1 |y′| &# - 2"+&# .,'+*&' &2"# +!" ,'*+ $-%% &. R ×R5/ 3&+" +!-+ G1
1&") '&+ 1"4"'1 &' -'5 4-#-6"+"#/ 7" 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+!" .-+ +!-+ ∂rQ
0
= (1/µ)E ′8
G1 =
1
µ2c˜2l
∑
i
λiG1(Si, |Ŝi|)
 !"#" Ŝi 1"'&+") -'5 2"+&# &. R
5
 *+! &64&'"'+) Sj  *+! j 6= i/
9)*'( '& +!" 6-+#*: Q +& !-'(" 2-#*-$%" *' +!" *'+"(#-%  " -'  #*+";
7
6µc˜2l
∫
|Σ|≤1
(
1
2
AsΣ · Σ
)
G1(Σ)dΣ =
7
12µc˜2l
∫
|S|≤1
(∑
i
λiS
2
i
)
G∗1(S)dS
=
7
12µ3c˜22l
∫
|S|≤1
(∑
i
λiS
2
i
)(∑
j
λjG1(Sj , |Ŝj|)
)
dS
=
7
12µ3c˜22l
∑
i,j
λiλj
∫
|S|≤1
S2iG1(Sj , |Ŝj|)dS
<=/>?@A
B'" -(-*'  " )"" +!-+
∫
|S|≤1
S2iG1(Sj , |Ŝj|)dS 1&") '&+ 1"4"'1 &' (i, j) *.
i 6= j -'1 &' i .&# +!" +"#6) i = j/ C!*) 4#&2") +!-+ +!"#" *) - ',6"#*-%
&')+-'+
C4 =
7
12
∫
|S|≤1
(S21 − S22)G1(S1, Ŝ1)dS. <=/>?DA
)& +!-+
7
12µc˜2l
∫
|Σ|≤1
(AsΣ · Σ)G1(Σ)dΣ = C4
µ3c˜22l
∑
i
λ2i . <=/>?EA
C& "2-%,-+" +!*) *'+"(#-%  " *'+#&1," +!" .&%%& *'( +")+ .,'+*&';
χ1(y, y
′) = − 3
64
y4 − 7
160
y2|y′|2 + 1
24
y2 +
1
320
|y′|4 − 1
120
|y′|2 + 1
192
= (1− y2 − |y′|2)
(
3
64
y2 − 1
320
|y′|2 + 1
192
)
,
<=/>?FA
 !"#" y ∈ R -'1 y′ ∈ R5/ B'" -' !"G +!-+ +!*) .,'+*&' )-+*)H") −∆χ1 =
y2 -'1 χ1 2-'*)!") &' +!" ,'*+ )4!"#"/ 3&  " !-2" +!" .&%%& *'( #"%-+*&';∫
|S|≤1
(S21−S22)G1(S1, Ŝ1)dS = −
∫
|S|≤1
E ′(|S|)S21√
S21 + |Ŝ1|2
(χ1(S1, Ŝ1)−χ1(S2, Ŝ2))dS.
<=/>=IA
 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  ! 
"#$ &# '$( )*+#, -'$ .$/#+-+0# 01 χ1 -'&-
χ1(S1, Ŝ1)− χ1(S2, Ŝ2) = 1
20
(S21 − S22)(1− |S|2), 234 3 5
*0 -'&- 6'&- +* 7$1- -0 089)-$ +*∫
|S|≤1
(S21 − S22)G1(S1, Ŝ1)dS = −
∫
|S|≤1
E ′(|S|)S21(S21 − S22)(1− |S|2)
20|S| dS.
234 3:5
;06 )*+#, -'$ '&#,$ 01 <&=+&>7$ 6'+' $?'&#,$ -'$ <&=+&>7$* S1 &#. S2
&#. 6=+-+#, -'$ &<$=&,$ 6$ '&<$ -'&- -'$ +#-$,=&7 +* &7*0∫
|S|≤1
(S21 − S22)G1(S1, Ŝ1)dS = −
∫
|S|≤1
E ′(|S|)(S21 − S22)2(1− |S|2)
40|S| dS.
234 3@5
A'$=$10=$
C4 =
7
480
∫
|S|≤1
(S21 − S22)2|E ′(|S|)|
|S| (1− |S|
2)dS. 234 335
BC 089&=+#, -'+* $?9=$**+0# 6+-' -'$ $?9=$**+0# 01 C2 1=08 234 :@5 6$ '&<$
C4/C2 =
7
480
· 24 < 14 A'+* +897+$* -'&- C6 = C2 − C4 = 3
20
C2 > 04
 !"#$%&%'!( !) J2*
A'$ +#-$,=&7 J2 +* -=$&-$. )*+#, -'$ *&8$ 8$-'0.4 D$ +#-=0.)$ &#
0=-'0,0#&7 8&-=+? Q0 *)' -'&- (Q0)TA0 +* -'$ <$-0= (|A0|, 0 . . . , 0) &#. 6$
6=+-$ S = Q0Σ &#. G∗2(S) = G2(Σ)4 D$ -')* '&<$ >C & '&#,$ 01 <&=+&>7$
-'&-E
J2 = 7
6µc˜2l
∫
|Σ|≤1
(
A0 · Σ)G2(Σ)dΣ = 7|A0|
6µc˜2l
∫
|S|≤1
S1G
∗
2(S)dS, 234 3F5
&#. -'&-  − µc˜2l∆G
∗
2 = −|A0|
∂rQ
0
(|S|)
|S| S1 +# |Σ| < 1,
G∗2 = 0 0# |S| = 1,
234 3G5
*0 -'$=$ +* & #)8$=+&7 0#*-&#- C5 *)' -'&- E
7
6µc˜2l
∫
|Σ|≤1
(
A0 · Σ)G2(Σ)dΣ = C5
µ3c˜22l
|A0|2, 234 3!5
&#. -'+* 0#*-&#- '&* -'$ 107706+#, $?9=$**+0#E
C5 =
7
6
∫
|S|≤1
S1G2(S1, Ŝ1)dS, 234 3H5
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$%&%  −∆G2 = −
E ′(
√
y2 + |y′|2)y√
y2 + |y′|2 ,
G2 = 0.
'() (*+
,% -.# /-0&.12% 0$% 0%40 52-0/.- χ2(y, y
′) =
1
16
y(1 − (y2 + |y′|2)) #$/$
460/47%4 −∆χ2 = y 6-1 χ2 86-/4$%4 .- 0$% 49$%&%) :$24 #% $68%;
C5 =
7
6
∫
|S|≤1
S1G2(S1, Ŝ1)dS
= −7
6
∫
|S|≤1
E ′(|S|)S1
|S|
S1
16
(1− |S|2)dS
=
7
96
∫
|S|≤1
|E ′(|S||)(1− |S|2)
|S| S
2
1dS.
'() <=+
>.?96&/-@ C5 0. C3 5&.? '() "<+ #% 6- 4%% 0$60 C5/C3 =
7
96
· 12 < 1 6-1
0$24 C7 = C5 − C3 > 0)
A/-6BBC #% $68% 9&.8%-D
I2 = 1
µ3c˜22l
(
C4
∑
i
λ2i + C5|A0|2
)
. '() < +
 !"$%&'!" !" ()* +"(*,-.$ !/ G˜0
>.?E/-/-@ '() =*+D '()   +D '()  "+D '() "F+ 6-1 '() < + #% 7-6BBC .E06/-
∫
|Σ|≤1
G˜(Σ)dΣ = − 1
µ3c˜22l
((C2 − C4)
∑
i
λ2i + (C3 − C5)|A0|2), '() <"+
6-1 0$24 /4 40&/0BC -%@60/8%) :$/4 ?%6-4 0$60 2s − 4l ?240 E% %G26B 0. l
'0$60 /4 2s = 5l 64 /- 0$% 1d 64%+ 5.& '() =H+ 0. $68% 6 4.B20/.-) A2&0$%&?.&%
/0 /4 B%6& 0$60 0. $68% 0$% B%640 -2?E%& .5 0&/8/6B 9&.7B%4 .-% ?240 06I%;
s = 5 l = 2.
JB4. #% $68% 0$60 Γ ∼ c˜2lε˙4/5) K.0% 0$60 0$% .-406-0 c˜2l 1%9%-1 .- 0$%
G26-0/0/%4
∑
i
λ2i #$%&% λi 6&% 0$% %/@%-86B2%4 .5 A
s
#$/$ ?%6-4 0$60 c˜2l
1%9%-1 .- As : As) L0 6B4. 1%9%-14 .- |A0|2) ,% 6- %M9B//0 0$%4% 0#.
 !"! #$%&'()*  !"
#$%&'('()* (& ')+,* -. '/) ,%'+(0M 1/(/ 3)*+(4)* '/) +/)-5-6(%5 *('$%'(-&7
8) /%9):
As : As = 13a2|D(M)|2 + 5a2|D(M)− diag(M11,M22,M33)|2 + |W (M)|2
|A0|2 = 4λ2|D(M)|2
 !" #$%&'()*
8) /%9) (& ,(&3 '/+)) ;%+'($5%+ +/)-5-6(%5 -&<6$+%'(-&*: '/) =-$)'') >-1
%&3 '1- '?;)* -. )5-&6%'(-&%5 >-1*7 8) 1%&' '- *'$3? '/) %3)#$%'(-& -. -$+
,-3)5 1('/ '/) -+(6(&%5 ,-3)5 -. @A4+%$3%&3 B)#$)$07
 !"!# $%&'((' )*%+!
8) %+) (&')+)*')3 (& -,;%+(&6 '/) +)*$5'* -. -$+ ,-3)5 1('/ '/) -+(6(&%5 @B
,-3)57 C& *'%'(-&%+? =-$)'') >-1* 1) /%9) *))& '/%' '/) 9)5-('? <)53 /%*
'/) .-+, u(x, y, z) = (γ˙y, 0, 0)7 C& '/(* %*) 1) /%9)
 !"#"$%& '( %)" *'+"!
∇u =
0 γ˙ 00 0 0
0 0 0
 , DE7 F"G
*-H (& '/) &-'%'(-&* -. I)'(-& E7"H 1) /%9)
M =
0 1 00 0 0
0 0 0
 . DE7 FEG
J/(* 5)%3* '- % ,%'+(0 A 1/(/ (*
A =

0 0 0
√
2
2
(1 + a) 0 0
0 0 0
√
2
2
(−1 + a) 0 0
0 0 0 0 0 0√
2(−1 + a)
√
2(1 + a) 0 0 0 0
0 0 0 0 0 1 + a
0 0 0 0 −1 + a 0

,
DE7 FFG
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$% # &')*+
A0 = (0, 0, 0, 2
√
2λ, 0, 0)T . ,"- ./0
12' '34'$&#56'7 *8 A #+' 3$ )237 #7'
eigenvalues(A) = {0, 0, i
√
2(1− a2), −i
√
2(1− a2), i
√
1− a2, −i
√
1− a2}.
,"- .!0
12'9 #+' #55 :6+'59 3;#43$#+9 *+ 0-
 !"#$%"#&' &( λm &( )*&+ ,-.
<*+ =*6'))' >*?7@ ?' $''% )* %37)3$46372 )2' %3A'+'$) #7'7B a = 0@ 0 <
|a| < 1 #$% a = ±1-
a = ±1
C8 a = ±1 )2'$ D'#67' *8 ,"- .!0@ #55 )2' '34'$&#56'7 *8 A #+' 0 ?235' A 37
$*) 0- 1237 ;'#$7 )2#) )2' 2#+#)'+37)3 6+&'7 Σ(t; Σ0) #+' :*59$*;3#57 *8 t-
E*64259 )237 ;'#$7 )2#) '3)2'+ Σ0 37 # 7)#)3*$#+9 :*3$) *+ )2' 2#+#)'+37)3
53$' ;67) +*77 )2' 6$3) 7:2'+' ?2'$ t→ +∞ #$% t→ −∞- =*$7'F6'$)59@
38 ?' #$ '$76+' )2#) $* 7)#)3*$#+9 :*3$) #+' 5*#)'% 3$73%' )2' D#55@ ?' #+'
7')-
G') 67 )+'#) )2' #7' a = 1- C$ )237 #7' )2' ;#)+3H A 8#557 )*
A =

0 0 0
√
2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 2
√
2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 0 0
 . ,"- .I0
J' #$ 43&' )2' 'H:+'773*$ *8 )2' 2#+#)'+37)3 6+&'7B
Σ(t; Σ0) = Σ0 + t

√
2Σ40
0
0
2
√
2(Σ20 + λ)
2Σ60
0
+ t
2

2(Σ20 + λ)
0
0
0
0
0
 . ,"- .K0
1267 ?' #$ 7'' )2#) 38 λ > 1 )2'$ )2' 2#+#)'+37)3 6+&'7 4* )* 3$L$3)9 3$
D*)2 %3+')3*$7- 12' #7' a = −1 #$ D' )+'#)'% 3$ )2' 7#;' ?#9-
0 < |a| < 1
 !"! #$%&'()*  !"
#$%&'()*'%+ ,-. "!/0 1) %$1 234) 52) )'+)%4367)& $8 a 5235 3*) 0 $* %$%
9)*$ 3%( :7*)6; '<3+'%3*;. =$*) $4)* 1) 3% &)) 5235 52) *3%? $8 A '& 40
&$ 5235 A '& ('3+$%3@6). A2'& )&&)%5'366; <)3%& 5235 &$<) :*$B)5'$%& $8 52)
23*35)*'&5' 7*4)& 3*) )66':&'&. C&'%+ 52350 1) 1'66 52)% &2$1 5235 7%()* 3
$%('5'$% λ > λm 52)% 52) 23*35)*'&5' 6'%) <7&5 234) 3 :$'%5 $75&'() 52)
7%'5 &:2)*). A2'& <)3%& 5235 52) 23*35)*'&5' 6'%) <7&5 *$&& 52) @$7%(3*;
@$52 '%13*(6; 3%( $7513*(6;.
D) %$5) ω =
√
1− a2. A2)% $%) 3% &2$1 5235 52) 23*35)*'&5' 6'%)
3% @) ()$<:$&)( 3&E
Σ3(t; Σ0) = Σ
3
0(
Σ5(t; Σ0)
Σ6(t; Σ0)
)
= cos(ωt)
(
Σ50
Σ60
)
+
sin(ωt)
ω
(
(1 + a)Σ60
(−1 + a)Σ50
)
Σ1(t; Σ0)Σ2(t; Σ0)
Σ4(t; Σ0)
 = cos(√2ωt)
Σ10Σ20
Σ40
+ sin(√2ωt)√
2ω

1√
2
(1 + a)Σ40
1√
2
(−1 + a)Σ40√
2(a− 1)Σ10 −
√
2(a+ 1)Σ20

− (1− cos(
√
2ωt))

λ
a
λ
a
0
+ sin(
√
2ωt)√
2ω
 00
2
√
2λ

F5 '& :$&&'@6) 5$ )G:6''56; 8$*) 52) 52'*( :3*5 $8 52) 23*35)*'&5' 7*4)& 5$
*)32 3 :$'%5 $75&'() 52) 7%'5 @366. F%())( 1) 3% 1*'5)E
∥∥(Σ1,Σ2,Σ3)T∥∥ ≥ λ(I1(a)(1− cos(√2ωt)) + I2(a) ∣∣∣sin(√2ωt)∣∣∣)− I3(a),
,-. HI/
12)*) I1(a)0I2(a) 3%( I3(a) 3*) :$&'5'4) 87%5'$% $8 |a|E
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
I1(a) =
∥∥∥∥∥∥∥∥∥
1
a
1
a
0
∥∥∥∥∥∥∥∥∥ =
√
2
|a|
I2(a) =
1√
2ω
∥∥∥∥∥∥
0
0
2
√
2
∥∥∥∥∥∥ = 2ω
I3(a) ≥
∥∥∥∥∥∥∥∥∥∥
1√
2
(1 + a)Σ40
1√
2
(−1 + a)Σ40√
2(a− 1)Σ10 −
√
2(a+ 1)Σ20
∥∥∥∥∥∥∥∥∥∥
+
∥∥∥∥∥∥
Σ10
Σ20
Σ40
∥∥∥∥∥∥
#$%' I1(a)(1 − cos(
√
2ωt)) + I2(a)
∣∣∣sin(√2ωt)∣∣∣) $( )*+%,', -.*/ )'0*1 )2
3 4*($5$6' *%(53%57 58$( /'3%( 5835 1' 3% $/4*('
∥∥(Σ1,Σ2,Σ3)T∥∥ > 1
+%$-*./02 $% Σ0 )2 3 *%,$5$*% *- 58' 524' λ > λm9
a = 0
:8' 4.'6$*+( 3.;+/'%5 ,*'( %*5 34402 ($%' 1' 836' ,$6$,', )2 a 5*
/3<' 58' 6'5*. B0 (+8 5835 AB0 = −A09 =+5 1' 3% 30(* 53<' 58' 6'5*.
B0 = (0, 2λ, 0, 0, 0, 0)T 3%, 58' .'(5 -*00*1(9
 !"!# $%&'()*+&')% ,%&-.
 !"#"$%& '( %)" *'+"!
>0*%;35$*%30 ?*1 3.' 03(($30 .8'*0*;$30 ?*1( 83.35'.$@', )2 3 ,$3;*%30
,'-*./35$*% .35' 5'%(*.9 A' ,$(5$%;+$(8 51* /3$% 524'( *- '0*%;35$*%%30
?*1(9 :8' B.(5 <$%, $( 3C$(2//'5.$ ?*1 $% 18$8 58' 6'0*$52 B'0, 83( 58'
'C4.'(($*% u(x, y, z) = (2ε˙x,−ε˙y,−ε˙z) 18$8 0'3,( 5*D
M =
2 0 00 −1 0
0 0 −1
 . EF9 " G
H% 58$( 3(' 58' /35.$C A 83( 58' -*00*1$%; 'C4.'(($*%D
 !"! #$%&'()*  !!
A =

4a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 −2a 0 0 0
0 0 0 2a 0 0
0 0 0 0 2a 0
0 0 0 0 0 −4a
 , "#$ %&'
()* +*-./ A0 01 231. 4*56*47
A0 = (4λ,−2λ,−2λ, 0, 0, 0)T . "#$ %8'
9* 6.-* 0::*402-*3; -)2- -)* *0<*6+23=*1 .> A 2/* 06 -)01 21* 233 /*23 +23=*4
"./ A = 0 0> ?* -2@* a = 0'$
()* 1*.64 @064 .> *3.6<2-0.623 A.? 2/* B3262/ *3.6<2-0.623 A.? ?)0)
)2+* -)* +*3.0-; 5*34 u(x, y, z) = (ε˙x,−ε˙y, 0)$ ()=1
M =
1 0 00 −1 0
0 0 0
 . "#$ %#'
()01 3*241 -. 2 :2-/0C A ?)0) 01
A =

2a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 2a 0
0 0 0 0 0 −2a
 , "#$ %D'
264 2 +*-./
A0 = (2λ,−2λ, 0, 0, 0, 0)T . "#$ %%'
 !"#$%"#&' &( λm #' )*&+ ,-.
E./ -)* -?. *3.6<2-0.623 A.?1 ?* ?26- -. 1-=4; ?* )2+* -?. B.110F030-0*17
*0-)*/ a = 0 ./ a 6= 0$ G> a = 0 -)*6 -)* :2-/0C A 01 0$ ()*6 -)* -/261B./-
+*-./ 5*34 01 -)* .61-26- +*-./ A0 264 -)* )2/2-*/01-0 =/+*1 2/* 1-/20<)-
306*1 ?0-) 40/*-0.6 A0 ?)0) :*261 -)2- ?* 26 -2@* λm = 0 >./ H/.B #$%$
G> a 6= 0 -)*6 -)* :2-/0CA 01 402<.623$ I./*.+*/ ?* 26 )*@ -)2- 1*--06<
B0 = −λ/a(1, 1, 1, 0, 0, 0)T ?* )2+* 2 +*-./ ?)0) +*/05*1 AB0 = −A0$ ()01
+*-./ 1-2641 >./ -)* 04*6-0-; :2-/0C 06 .=/ ).0* .> ../4062-*1$ G64**4 ?*
)2+* -)* /*32-0.6 ga(Id,M) = 2aD(M)$ ()=1 -)* )2/2-*/01-0 =/+*1 )2+*
-)* >./: Σ(t; Σ0) = exp(tA)(Σ0 − B0) + B0$ 9* 6.? -2@* λ 32/<* *6.=<)
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$ %&'% B0 + ker(A) ($)# *$% +))% %&) ,*-% .'//0 1% -# 2$##-./) #-*) B0 ($)#
*$% .)/$*4 %$ ker(A)0 5&)* %&) &'6'%)6-#%- ,67)# #'%-#89 %&) &92$%&)#)#
$8 :0;0
 !!"#$%& '( *+!'", -
 !"#$%%&'(% ') A *(+ A0
 ! "#$! %&'( )!*+&! ("! &!'#-./0 +* Σ ("! !12&!''.+/
A =
(
A11 A12
A21 A22
)
,
A11 =
2aM11 0 00 2aM22 0
0 0 2aM33
 , A12 =
a111 a112 a113a121 a122 a123
a131 a
1
32 a
1
33

A21 =
a211 a212 a213a221 a222 a223
a231 a
2
32 a
2
33
 A12 =
a311 a312 a313a321 a322 a323
a331 a
3
32 a
3
33

3456789
68:
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$%&
a111 = M12 −M21 + a(M12 +M21)
a112 = M13 −M31 + a(M13 +M31)
a113 = 0
a121 = −(M12 −M21) + a(M12 +M21))
a122 = 0
a123 = M23 −M32 + a(M23 +M32)
a131 = 0
a132 = −(M13 −M31) + a(M13 +M31)
a133 = −(M23 −M32) + a(M23 +M32)
a211 = −(M12 −M21) + a(M12 +M21)
a212 = (M12 −M21) + a(M12 +M21)
a213 = 0
a221 = −(M13 −M31) + a(M13 +M31)
a222 = 0
a223 = (M13 −M31) + a(M13 +M31)
a231 = 0
a232 = −(M23 −M32) + a(M23 +M32)
a233 = (M23 −M32) + a(M23 +M32)
a311 = 2a(M11 +M22)
a312 = M23 −M32 + a(M23 +M32)
a313 = M13 −M31 + a(M13 +M31)
a321 = −(M23 −M32) + a(M23 +M32)
a322 = 2a(M11 +M33)
a323 = M12 −M21 + a(M12 +M21)
a331 = −(M13 −M31) + a(M13 +M31)
a332 = −(M12 −M21) + a(M12 +M21)
a333 = 2a(M22 +M33)
 !"! #$%&'()*  ! 
"# %& %'() *+,-# -.# /#-)+
A0 =

2λM11
2λM22
2λM33
2λ(M12 +M21)
2λ(M13 +M31)
2λ(M23 +M32)
 . 012 3!4
"# &)* .%/# -) +#(%'# Σ45 Σ5 %&6 Σ62 7.,( %8)9&-( -) 89'-,:'; -.# 8%-+,<
A12 =; -.# >%-)+ 1/
√
2 %&6 -.# 8%-+,< A21 =; -.# >%-)+
√
22 ?9'-,:'; =;√
2 %'() -.# '%(- -.+## +)*( )> A02
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
 !"#$%&! '()*$!
 !"# &+,%-!. &(*/0&(*$1"!.
'+") -( 2$+-+3$! !* -( /$&$!
 !"

 !"#$%&' (
)$*+,$-. /0',#1', !$3$4+',
&5"6$,,".% $.7.$3'.% &"#$/'3'.%
 !"#$! %# '()*+,-
 !"# % &!'()*% +" #,(")-*%##% !. '*+/012% 3% 0! 3(4.#(+" 3,%#'1%# *-5
!)(6%# 7 )*!6%*# 0! '%!. 3!"# 0% +")%8)% 3% 0! /!0"-+)&-*!'(%9 :% '*+/012%
%#) -2("%22%") +2'0%8% %) 2-0!";%< !. 2+("#< /(+&(2(% ='*-#%*6!)(+" 3.
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<IAJ"@ /D $ 4+&$K+, 'D'*+3 )' 4+&$*+, *( *.+ 54(/&+3 (: *.+ .(/#& #+,/%*$
#+/+, /00!"1&-/+&") <LHHM@> -.+4+ (%+ 4+3(?+' *.+ 3('* 7%'*$/&+ .+3)$&
'5+)+' <*.+D $4+ '755('+, *( .$?+ 4+&$K+, *( +87)&)/4)73@A G.+ ?$&),)*D (:
'7. $% $554(K)3$*)(% )% &($& 'D'*+3' <=(?+4%+, /D NOP'@ .$' /++% '*7,)+,
/D 3$%D $7*.(4'A Q+* )% *.+ :4$3+-(4; (: 4+$*)(%C,)67')(% 'D'*+3 37. &+''
)' ;%(-% $%, (%+ $% 4+:+4 *( 0R℄ /D  ,",* 1$'2$-($ $%, 3!"4,//!((!"
:(4 $ 4)=(4(7' 54((: (: *.+ ?$&),)*D (: LHHM )% (%+ '7. 'D'*+3A
S+ 3$;+ *.+ $%'$*E *.$*
−→
C ε =
−→
C 0 + ε
−→
C 1 +O(ε2). <IAT @
S+ %(- ),+%*):D *.+ U4'* +2" (4,+4' (: *.+ :(43$& +K5$%')(% :(4 '3$&& ε> *.$*
)' (4,+4 ε−1 $%, 1A G.)' D)+&,' *.+ 4+&$*)(%'{
νTσ′(
−→
C 0) = 0,
∂t
−→
C 0 − div (D∇−→C 0) = νTdσ′(−→C 0)−→C 1.
<IATJ@
S+ $&-$D' $''73+ ν *( .$?+ 3$K)373 4$%; <-.). /$')$&&D 3+$%' -+
,( %(* .$?+ -4)**+% 4+,7%,$%* .+3)$& )%:(43$*)(% $%, )' *47+ )% (74 +KC
$35&+@ '( *.$* νT )' (%+C*(C(%+A V(%'+87+%*&D -+ .$?+ σ′(
−→
C 0) = 0 -.).
)' +87)?$&+%* *( σ(
−→
C 0) = 0A M&'(> -+ %(*+ *.$* HD'*+3 <IATJ@ .$' *.+ '$3+
'*47*74+ *.$% HD'*+3 <IAJJ@ -.+% '+**)%= Wσ = dσ′(
−→
C 0)
−→
C 1XA
Y+* 7' 3$;+ '(3+ 4+3$4;'A Z)4'* -+ %(*+ *.$* )% *.+ $'+ (: $ 4+$*)(%$&
3+.$%)'3 *.+ 4+&$*)(% σ(
−→
C 0) = 0 )' +87)?$&+%* *( *.+ 4+&$*)(% Γ(
−→
C 0) = 0A
B* )' 3(4+ $,?$%*$=+(7' *( 7'+ *.)' '+(%, :(437&$*)(% :(4 *-( 4+$'(%'A G.+
U4'* )' *.$* *.+ +K54+'')(% (: σ (: <IAJ1@ 7'+' *.+ ?$&7+' (: ki $%, k−i -.).
$% /+ .$4, *( (/*$)% +'5+)$&&D )% *.+ $'+' -+ $4+ )%*+4+'*+, )%> *.$* )' -.+%
*.+D $4+ ?+4D &$4=+A B%?+4*&D> *.+ +K54+'')(% (: Γ (%&D 7'+' *.+ (%'*$%*' Ki
-.). $4+ 3(4+ +$')&D :(7%,A G.+ '+(%, 4+$'(% )' *.$*> -.+% -+ $%%(*
'$D *.$* -+ ,+$& -)*. $ 4+$& 4+$*)(%$& 3+.$%)'3> -+ $%%(* 7'+ <IAJ1@ )%
<IAJ"@ /7* -+ $% #+&33 7'+ Γ = 0 *( ,+'4)/+ *.+ '*$*)(%$4D +87$*)(%A M%(*.+4
 !"! #$%&'(*+ ,-&%&  !"
#$%&#' () *+,) *+&*- (. /$ &#$ 01* (0*$#$)*$2 (0 *+$ 2$*&(3) 1. *+$ +$%()*#5-
*+$ .1#%,3&*(10 6789: () (0*$#$)*(0; <$&,)$ *+$ 2$*&(3$2 $=>#$))(10 1. σ ()
01* 0$$2$2? 1035 *+$ $@,(3(<#(,% () (%>1#*&0* &02 () $&)($# *1 A028
 !" #$%&'(*+ ,-&%&
B$ &#$ 01* &<3$ *1 21 &05*+(0; /(*+ *+$ 10*(0,1,) %12$3 6789: 5$*- <,* /$
&0 ,)$ *+$ (2$&) >#$)$0*$2 (0 C$*(10 78D *1 2$)(;0 & 0,%$#(&3 )+$%$ /+(+
+&) ;112 .$&*,#$) &02 () .&)* $01,;+8 E1# *+$ %1%$0* /$ #$)*#(* 1,#)$3F$)
*1 &  2 ;$1%$*#5 6;(F$0 *+&* *+$ 2$>*+ 1. *+$ )'(0 () %,+ )%&33$# *+&0 (*)
310;(*,2(0&3 3$0;*+ )&3$):8 G1/$F$# /$ >#$)$0* +$#$ & %$*+12 /+(+ &0
$&)(35 &2&>* *1 H2 1# D2 ;$1%$*#($) 1# *1 A0(*$ $3$%$0*) %$*+12)8 B$ +11)$
A0(*$ F13,%$) <$&,)$ (* &331/) *1 *&'$ $&)(35 (0*1 &1,0* )>&*(&3 I,%>) (0
*+$ 2(J,)(10 1$K($0*)8
 !"!# $%&'&()*)+,( ,- ).& /01&%+*3 4.&1&
 !"#$%&$(!" !) $*+ ,-#( .("($+ /!0&1+ 2&1+%(-0 3*+1+
L,# <&)$ )+$%$ +$#$ () 1. A0(*$ F13,%$ *5>$8 M$* ,) <#($N5 #$&33 *+$ +1/
*+$ )+$%$ () 2$)(;0$2 .1# *+$ )*&02&#2 2(J,)(10 $@,&*(108
O10)(2$# & ;(F$0 %$)+ (xl) 1. *+$ *+$ ,0(* (0*$#F&3 6/$ 10)(2$# *+&* /$
+&F$ #$)&3$2 *+$ $@,&*(10 )1 *+&* *+$ 2$>*+ ()  : &02 & )$@,$0$ 1. >1(0*)
xl+1/2 ∈ [xl, xl+1]8 M$* ,) &3)1 <$ ;(F$0 & *(%$ )*$> δt8 P+$ %$2(,% () *+$0
2(F(2$2 (0 10*(;,1,) A0(*$ F13,%$) [xl, xl+1] /+(+ /(33 <$ 10)(2$#$2 &)
)%&33 +$%(&3 #$&*1#) /+(+ &#$ &3)1 $=+&0;(0; +$%(&3 )>$($) *+#1,;+
*+$(# <1#2$# <5 2(J,)(108 P1 A02 *+$ A0(*$ F13,%$ .1#%,3&*(10- *&'$ *+$
10*(0,1,) $@,&*(10 6f () ;(F$0 +$#$:
∂t
−→
C − ∂x(D∂x−→C ) = f, 678DD:
&02 *&'$ (*) )>&*(&3 &F$#&;$ 10 & F13,%$ [xl, xl+1]8 L0$ 1<*&(0) *+$ .1331/(0;
$@,&*(10Q
(xl+1 − xl)∂t
(
1
xl+1 − xl
∫
[xl,xl+1]
−→
C (t, x)dx
)
− (D(xl+1)∂x−→C (xl+1)−D(xl)∂x−→C (xl)) =
∫
[xl,xl+1]
f(t, x)dx. 678D9:
 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4
#$% &' ()%$
−→
C kl+1/2 *( *++,)-./*%.)( )0
1
xl+1 − xl
∫
[xl,xl+1]
−→
C (kδt, x)dx1
2)3 3$ )('.5$, %6*%
−→
C kl+1/2 ≈
−→
C (kδt, xl+1/2) *(5 36*% 3$ 6*7$ %) 5) .' %)
*++,)-./*%$ %6$ 8&-$' D(xl)∂x−→C (xl) *% %6$ 9)&(5*,: )0 $*6 ;(.%$ 7)<&/$1
=% .' 3$<< >()3( %6*% * ?))5 *++,)-./*%.)( )0 %6$'$ 8&-$' .' ?.7$( 9:@
F kl = Dl
1
xl+1/2 − xl−1/2
(−→
C kl+1/2 −
−→
C kl−1/2
)
, AB1CBD
3.%6 Dl 5$;($5 9:
xl+1/2 − xl−1/2
Dl =
xl − xl−1/2
D(xl−1/2) +
xl+1/2 − xl
D(xl+1/2) . AB1CED
F$ *<') ()%$ fkl+1/2 * ?.7$( *++,)-./*%.)( )0 %6$ *7$,*?$ )0 f *% %./$ t )( %6$
lG%6$ ;(.%$ 7)<&/$1 H($ <*'% 6).$ 3$ 6*7$ %) /*>$ .' %6$ *++,)-./*%.)(
)0 %6$ %./$ 5$,.7*%.7$ 0), 36.6 3$ 6*7$ 9*'.*<<: %) 6).$' <$*5.(? %) *(
$-+<..%
−→
C k+1l+1/2 =
−→
C kl+1/2 +
δt
xl+1 − xl (F
k
l+1 − F kl ) + δtfkl AB1CID
), *( ./+<..% .( %./$ '6$/$J
−→
C k+1l+1/2 −
δt
xl+1 − xl (F
k+1
l+1 − F k+1l ) =
−→
C kl+1/2 + δtf
k
l . AB1C"D
 !" #$%&'()*%"+ ,*%*'" -$./0" 1!"0"
 !"!#$ %&'()$ *&+!,.#!&"/
F$ )('.5$, ()3 )&, '.%&*%.)( &(5$, %6$ 0),/ AB1KKD1 =0 3$ *++<: %6$
;(.%$ 7)<&/$ )('%,&%.)( %) )&, +,)9<$/ *<< 3$ ($$5 %) ;(5 *,$ ?))5 *+G
+,)-./*%.)(' )0 %6$ *7$,*?$' )0 νTσ1 =0 3$ ()%$ ξkl+1/2 = σ
k
l+1/2δt 3$ *(
3,.%$ −→
C kl+1/2 =
−→
C k−1l+1/2 +
δt
xl+1 − xl (Fl+1 − Fl) + ν
T ξkl+1/2. AB1C!D
L)3$7$,J 3$ 5) ()% 6*7$ *( $-+,$''.)( )0 νTσ 36.6 .' )(<: 5$;($5 ./G
+<..%<: 0!. %6$ )(5.%.)( Γ(
−→
C ) = 0 *(5 %6&' *(()% )/+&%$ *(*<:%.*<<:
ξkl+1/21 M&% 3$ *( '$$ %6*% %6$ +,$7.)&' $N&*%.)( .' $-*%<: AB1 ID 3.%6
dC =
δt
xl+1 − xl (Fl+1 − Fl)1 O) *++,)-./*%$ ξ
k
l+1/2J 3$ 0)<<)3 P$%.)( B1C1 
*(5 ,$+,)5&$ %6$ *,?&/$(% AB1 "D1 O6.' <$*5' %) %6$ 0)<<)3.(? *++,)-./*G
%.)( A36.6 .' %6$ ;(.%$ 7)<&/$ *(*<)?&$ )0 AB1 !DD@
 !"! #$%&'(*+ ,-&%&  !!
νT ξkl+1/2 = −νT (Φ(
−→
C k−1l+1/2)ν
T )−1Φ(
−→
C k−1l+1/2)
[
δt
xl+1 − xl (Fl+1 − Fl)
]
"#$%&'
() *+, -,./,0 1, +33-, *3 345/*, *+, 678/-79, :/;,- Fl <* *74, k + 1
1+7+ 0,<6- *3 < -,47=745077* -+,4,$ >7)<00? *+7- 0,<6- *3 < 07),<@ -?-*,4
3) (
−→
C k+1l+1/2)l 1+7+ <) A, 5/* /)6,@ *+, B3@4C
−→
C k+1l+1/2 + δt(IM − χ(
−→
C kl+1/2))L[(
−→
C k+1l+1/2)l] =
−→
C k+1l+1/2, "#$% '
1+,@, L 7- *+, 07),<@ 35,@<*3@ "7* 7- < 4<*@7; 1+,) 1, +<9, +3-,) <) 3@6,@7)D
B3@ (
−→
C k+1l+1/2)l' *+<* 13/06 <55,<@ 7) *+, /)3)-*@<7),6 E)7*, 930/4, -+,4,$
F,</-, 1, +<9, < -,47=745077* -+,4,G 1, +<9, *3 -309, < 07),<@ -?-*,4
*3 345/*,
−→
C k+1 1+70, H)317)D
−→
C k$ I31,9,@G 1, 63 )3* +<9, *+,3@,*7<0 3@
)/4,@7<0 5@35,@*7,- B3@ *+, 07),<@ -?-*,4 *+<* D/<@<)*,,- *+, )3) ),D<*797*?
3B *+, @,-/0*7)D
−→
C k+1 "3)*@<@? *3 *+, /-/<0 678/-73)'$ J, <@, *+/- B3@,6
*3 <66 < *74, -*,5 <6<5*<*73) 5@3,6/@,C 7B *+, -30/*73) 7- )3* )3) ),D<*79,
1, @,*@? 17*+ < -4<00,@ *74, -*,5$ K/4,@7<0 ,;5,@74,)*- 7)67<*, *+<* *+,
)3) ),D<*797*? 7- 03-* 7B *+, 07),<@ -?-*,4 +<- *3 *<H, 7) -*@3)D D@<67,)*-G
1+7+ 1700 A, 3/@ <-, <* *+, A,D7))7)D 3B *+, -74/0<*73)- -7), 1, +<9,
7)7*7<0 6<*/4 *+<* 63,- )3* -<*7-B? *+, A3/)6<@? 3)67*73)-$ J+,) *+, -*,,5
D@<67,)*- +<9, A,,) -433*+,6 3/* A? *+, 678/-73)G 1, 3A-,@9, *+<* *+, *74,
-*,5 7- <- 0<@D, <- 1, 1<)*$ J, 1700 *+/- +<9, <  !"#$ *74, -*,5G *+<* 7- <
4<;74/4 *74, -*,5 <0031,6 7) *+, -74/0<*73) 1+7+ 4<? )3* A, *+, /@@,)*
*74, -*,5 7) *+, A,D7))7)D 3B *+, -74/0<*73)-$
%&!( )*$+,!( -"&.$ ,&/0
F,</-, 1, +<9, 3)0? 4<6, < E@-* 3@6,@ <55@3;74<*73) 3) *+, 3)-*@<7)*G
<* *74, k 1, 4<? A, *33 B<@ B@34 *+, ,./707A@7/4 4<)7B306 A/* E@-* 1, 4/-*
5@,7-, 1+<* L*33 B<@M 4,<)-$ N3 63 *+7- 1, 34, A<H *3 *+, @,<*73)C 7) <
03<0 @,<*3@ "17*+3/* 678/-73)' 1, H)31 *+<* 1+,) *+, +,47<0 3453-7*73)
(
−→
C j) 7- )3* <* ,./707A@7/4G *+, +,47<0 @,<*73)- 1700 <69<), *3 < ,@*<7)
,;*,)* <)6 *+7- 1700 @,-/0* 7) < 4367E<*73) 3B ,<+ 3453-7*73) (δ
−→
C j) 7)
3@6,@ *3 A@7)D A<H *+, +,47<0 3453-7*73) *3 ,./707A@7/4$ O/553-, 1,
H)31 +31 *3 345/*, ,;<*0? (δCj) 7) < 03<0 @,<*3@ <- < B/)*73) 3B (
−→
C j)$
N+,) 1, <) 345/*, B3@ ,<+ -5,7,- 7*- @,0<*79, 4367E<*73) |δ−→C j|/−→C j C
7B *+, @,0<*79, 4367E<*73) <@, <00 -4<00,@ *+<) < D79,) *30,@<),G -<? 10−4
B3@ ,;<450,G 1, <) 3)-76,@ *+<* 1, +<9, )3* 439,6 A,</-, *+, @,<*73)
13/06 4367B? *+, 3453-7*73) 3)0? *3 *+, %*+ 67D7*$ N+7- 4,<)- *+<* 1,
<0@,<6? 1,@, <* ,./707A@7/4$
 !!  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4
"# $%&'()* #+ +&-.#% #/% &+0(1'#(+) +2 %'/ $%'#(+) () ' 3+'3 $%'#+$
')0 .*.'334 #/(* '))+# 5% 0+)% ')'34#('334 5%'.*% (# &%')* +&-.#()6
#/% *+3.#(+) +2 ' *4*#%& +2 '36%5$'( %7.'#(+)8 9+:%;%$ :% 0+ <)+: #/'# 54
#/% 3': +2 +)*%$;'#(+) +2 &'** #/% &+0(1'#(+) /'* ' %$#'() *#$.#.$% ')0
#/.* (# %=(*#* ') %=#%)# ξi 2+$ %'/ $%'#(+) *+> #/'# #/% &+0(1'#(+) δ
−→
C ')
+)34 5% +2 #/% 2+$& νT ξ8 ?% +&-.#% ') '--$+=(&'#(+) +2 #/% %=#%)# ξ ;('
' @%:#+) '36+$(#/&8 A.--+*% ()(#('334 #/% *4*#%& /'* #/% +&-+*(#(+)
−→
C 08
B/% %=#%)# ξi +2 %'/ $%'#(+) (* *./ #/'# Γ
′(ξ) = Γ(
−→
C 0+ν
T ξ) = 0C @%:#+)
'36+$(#/& (* #/.* #/% +&-.#'#(+) +2 ' *%7.%)% ξn 54 #/% 2+33+:()6 */%&%C{
ξ0 = 0,
ξn+1 = ξn − (∂ξΓ′(ξn))−1Γ′(ξn),
DE8F G
')0 :% /';% ∂ξΓ
′(ξn) = Φ(
−→
C 0 + ν
T ξn)ν
T
8 "# (* #/.* &+$% +);%)(%)# #+
+&-.#%
−→
C n =
−→
C 0 + ν
T ξn #/$+.6/{−→
C 0 =
−→
C 0,
−→
C n+1 =
−→
C n − νT (Φ(−→C n)νT )−1Γ(−→C n),
DE8FHG
"0%'334 :% :+.30 0%1)% #/% %=#%)# ξ = lim
n→+∞
ξn 5.# (# (* :%33I<)+:)
#/'# @%:#+) '36+$(#/& 6%)%$('334 +);%$6% ;%$4 2'*#8 B+ 0%#%$&()% #/%
0(*#')% #+ #/% %7.(3(5$(.& :% #'<% #/% '--$+=(&'#(+) 6(;%) 54 #/% 1$*# *#%-
+2 @%:#+)J* '36+$(#/&C
δ
−→
C 0 = −νT (Φ(−→C 0)νT )−1Γ(−→C 0). DE8FFG
B/% $(#%$(+) 2+$ ' +&-+*(#(+)
−→
C #+ 5% '# %7.(3(5$(.& D:/(/ (* '3*+ #/%
*#+- +)0(#(+) :% (&-3%&%)# +) @%:#+)J* '36+$(#/&G (* #/.*
∀j, |δ−→C j| ≤ δ !"−→C j . DE8FEG
B/% +&-3%#% */%&% +)*(*# () 0+()6 +)% *#%- +2 0(K.*(+) 54 DE8FLG
2+33+:%0 54 ' -$+M%#(+) DE8FHG .)#(3 :% *'#(*1%0 () '33 +)#$+3 ;+3.&%* #%
$(#%$(+) DE8FEG8 N4 0%*(6)> #/% 0(K.*(+) *#%- *%)0* .* () #/% 6++0 0($%#(+) *+
#/'# #/% -$+M%#(+) *#%- */+.30 )+# 5% ;%$4 *#$()6%)# ')0 :(#/ *+&% /%.$(*#(*
&'4 )+# )%%0 #+ 5% 0+)% %;%$4 #(&% *#%-8
 !"!# $%&'(%)'*+ *, )-. /-.1. *+ % /'12&.3 43*5&.1
?% +)*(0%$ () #/(* *%#(+) +)34 #/% :'#%$ 0(**+('#(+)8 ?% #/.* /';% +)34
#:+ /%&('3 *-%(%* H+ ')0 OH− ')0 +)% $%'#(+) #/'# :% :$(#%C
 !"! #$%&'(*+ ,-&%&  !"
H2O ⇆ H
+ +OH−. #$%&'(
)*+ ,-./*/.1+-2/ 13-2/4 /, ,/1567
ν =
(
1 1
)
, #$%&8(
39: ;+ ,+-
Γ(
−→
C ) = Kw − C1C2, #$%&<(
39:
Φ(
−→
C ) = (−C2 − C1). #$%&=(
>+ ;/66 .1532+ .?2 ,*+1+ -. 3 2+@+2+9+ ,.6?-/.9 A/B+9 C7 3 D2,- .2:+2
E/9+-/,% F31+67 ;+ ,+-
σ(
−→
C ) =
(
kd − kr−→C 1−→C 2
kd − kr−→C 1−→C 2
)
#$%$!(
39: ;+ .1532+ .?2 9?1+2/36 ,*+1+ -. -*+ 9?1+2/36 ,.6?-/.9 .@ -*+ ,7,-+1
∂t
−→
C ′ −∆−→C ′ = σ(−→C ′). #$%$"(
>+ -3E+ -*+ B36?+, .@ -*+ *+1/36 .9,-39-, @2.1 G 8℄I
kd = 1.38 · 10−3mole · L−1 · s−1, kr = 1.40 · 1011mole−1 · L · s−1, #$%$ (
Kw = 1.00 · 10−14mole2 · s−2. #$%$J(
>+ 9.-+ -*3- ;+ *3B+ |Kw − kd/kr|/Kw = 2%%
)*+ 9?1+2/36 +45+2/1+9- /, -*+ @.66.;/9A% >+ .9,/:+2 .9+ 1+:/?1 .@
6+9A-* .9+ /9 ;*/* -*+ -;. ,5+/+, *3B+ -*+ ,31+ :/K?,/.9 .+L/+9-, #;/-*
3 :/1+9,/.96+,, B36?+ .@ 1(% M9 -*+ 1+:/?1N -*+ *+1/36 .15.,/-/.9 /,
[H+] = 3.98 · 10−8mole ·m−1, [OH−] = 2.51 · 10−7mole ·m−1, #$%$&(
;*/* 31.?9-, -. 39 +O?/6/C2/?1 .15.,/-/.9 .@ /9/-/36 pH = 7.4% P9 -*+
C.?9:32/+, ;+ ,+- 32-/D/36 Q/2/*6+- .9:/-/.9, .22+,5.9:/9A -. 39 +O?/R
6/C2/?1 .15.,/-/.9 .@ pH = 6.4 .9 -*+ 6+@- C.?9:327 39: 39 +O?/6/C2/?1
.15.,/-/.9 .@ pH = 7 .9 -*+ 2/A*- C.?9:327%
M9 ,53+ ;+ -3E+ 70 *.1.A+9+.?, D9/-+ B.6?1+, 39: -*+ -32A+- -/1+ ,-+5
/, 10−2 #9.-+ -*3- dt/dx2 = 49 ≫ 1/2(% >+ :. 100 /-+23-/.9, @.2 3 -32A+-
+9:/9A -/1+ .@ 3C.?- 1 #;*/* .22+,5.9:, -. 3C.?- 15mn .@ 2+36 -/1+(%
>+ 2?9 3 ,/1?63-/.9 .@ -*+ @?66 2+3-/.9 :/K?,/.9 ,*+1+ 39: ;+ D9: -*3-
-*+ +O?/6/C2/?1 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T0σ˙ + σ = ηγ˙. LM<N!O
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0,; (==0 /(3, 456I(/, *-; 46 .+/+864-,6;-(/ /6;380440 *0 γ˙'% S8-80 3/0 80N
46;-(/ 4-/+6-80 0/;80 40 ;0/,038 *0, (/;86-/;0, σ 0; 40 ;0/,038 *0, ;63: *0
*+<(8=6;-(/ 50,; +8-80 230 H6230 (0T-0/; σ˜ij *0 σ˜ ,5+8-; (==0 3/0
(=>-/6-,(/ 4-/+6-80 *0, (0T-0/;, Akl *0 D(∇u)% 94 0:-,;0 *(/ +  !$%!$
*0, (0T-0/;, ηklij #<(8=6/; 0 235(/ 703; 6770408 3/ ;0/,038 *0 I-,(,-;+'
;04, 230 C
∀i, j σij =
∑
k,l
ηklijAkl. #$%RU'
V/ I(-; *(/ 2350/ ;(3;0 .+/+864-;+A -4 0:-,;0 0/ <6-; WQ I-,(,-;+, 7(38 3/
L3-*0% V/ 703; 8+*3-80 0 /(=>80 0/ 80=68236/; 230 σ˜ 0; A ,(/; *0, ;0/,038,
,X=+;8-230, 0 23- -=74-230A 768 (/,+230/;A 230 45(/ 6 ηklij = η
lk
ij 0; η
kl
ij = η
kl
ji
0 23- 46-,,0 ;(3; *0 =E=0 R" (0T-0/;,% O(3, 86Y(3;(/, 64(8, 45HX7(;HJ,0
230 40 L3-*0 0,; -,(;8(70A 0 23- ,-./-@0 230 ,(/ .8(370 *0 ,X=+;8-0 0,; 40
.8(370 *0 ;(3;0, 40, 8(;6;-(/, *0 450,760 C (/ 703; ;(38/08 3/ +H6/;-44(/ *0
L3-*0 -,(;8(70 *6/, ;(3, 40, ,0/, ,6/, 688-I08 B 0/ *-,;-/.308 *0, 78(78-+;+,
*-Z+80/;0,% [/ <6-,6/; 0;;0 HX7(;HJ,0 0; 0/ 0:74(-;6/; 0, /(3I0440, ,X=+N
;8-0,A (/ 8+*3-; 40 /(=>80 *0 I-,(,-;+, B ,0340=0/; *03:A 230 /(3, /(;(/, µ
0; λ 0; 45+236;-(/ #$%RU' ,0 8++8-; *0 <6M(/ (=76;0 C
σ˜ = 2µD(∇u) + λTr(D(∇u)) Id = 2µD(∇u) + λ(div u) Id. #$%RQ'
[/ 3;-4-,6/; #$% &' 0; #$%R ' (/ (>;-0/; 40 ;0/,038 *0, (/;86-/;0, (=740; C
 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
σ = (−πh + λ(div u)) Id+ 2µD(∇u). #$%& '
()*)+, -./ 01+, /**/ 3-.1*4)+5 πh5 µ /* λ ,)+* 0/, )/64/+*, -.4 +/ 037
8/+0/+* -./ 0/ 91 0/+,4*3 0/ :1,,/ ρ% ;)<,-./ 9=3-.1*4)+ #$%& ' /,* ).893/
1>/ 9/, 3-.1*4)+, #$%?' /* #$%@'5 )+ )A*4/+* 9/ 39BA</ ,C,*B:/ 0/ (1>4/<7
D*)E/, ):8</,,4A9/ #A1<)*<)8/ 1< )+ +/ 8</+0 81, /+ ):8*/ 91 */:83<17
*.</'%
 !" #$" "%&'#$" (&!")'*+$"
F+*3</,,)+,7+)., :14+*/+1+* G 91 9)4 0/ H))E/% ()., 0/>)+, 3<4</ .+/ 9)4
94+314</ /+*</ 9/ */+,/.< 0/, )+*<14+*/, /* 9/ */+,/.< 0/ 03I)<:1*4)+% J1+, 91
9)4 0/ H))E/5 =/,* 91 8<)8<43*3 0/ 94+31<4*3 -.4 8<30):4+/ /* +)., K)4,4,,)+,
)::/ */+,/.< 0/, 03I)<:1*4)+, 9/ */+,/.< 0/, 8/*4*/, 03I)<:1*4)+, ε% $L).7
*)+, 0/ +).>/1. 91 8<)8<43*3 0=4,)*<)84/ 8).< 9/ :1*3<41. /* +)., )A*/+)+,
91 9)4 0/ H))E/ M3+3<194,3/ N
σ(t, X) = 2µD(∇Xξ) + λ∇Xξ, #$%&&'
)O λ /* µ ,)+* 9/, )/64/+*, 0/ ;1:3 0. :1*3<41.%
 !"!# $%&'(%)* +),-.&)//)* .01)+'()*
$8<B, 1>)4< /P894-.3 )::/+* 9/, K1+M/:/+*, 0/ <3I3</+*4/9, 1Q/*14/+*
9/, -.1+*4*3, :31+4-./, )::/ 9/ K1:8 0/ >4*/,,/ /* 9/ */+,/.< 0/, )+7
*<14+*/,5 +)., 199)+, :)+*</< )::/+* 49, 1Q/*/+* 9/, 3-.1*4)+, )+,*4*.*4>/,
/99/,7:R:/, ,.< 9=/P/:89/ 0. :)0B9/ 0/ S1PT/99%
U)+,403<)+, 9=3-.1*4)+ 04Q3</+*4/99/ #$%V!' 03W+4,,1+* 9/ :)0B9/ 0/ >4,7
)391,*44*3 0/ S1PT/99 /+ 4,1499/:/+* ,4:89/ /* /,,1C)+, 0/ >)4< ,4 +).,
8).>)+, 3<4</ .+ :)0B9/ ,/:A91A9/ -.4 ,)4* >191A9/ -./99/ -./ ,)4* 91 I)<:/
0. K1:8 0/ >4*/,,/ u% ;/ 89., ,4:89/ ,/:A9/5 0=.+/ 81<*5 0/ </:891/< 91
)+*<14+*/ 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, )+*<14+*/, 9.47:R:/ /*5 0=1.*</
81<*5 0/ </:891/< 9/ *1.P 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, *1.P 0/ 03I)<7
:1*4)+, ):89/* 2D(∇xu)% ;/ 4,1499/:/+* ,4:89/ ,.88<4:1+* 9/ */<:/ 0/
)+>/*4)+ 8).< 0/, <14,)+, M3):3*<4-./,5 +)., 9/ <1L).*)+, 8).< 9/, X)*,
M3+3<1.P% $4+,45 +)., 8).<<4)+, */+*/< 0/ M3+3<194,/< 9/ :)0B9/ 0/ S1PT/99
G 9=140/ 0. :)0B9/ 04Q3</+*4/9 0)++3 81< 9=3-.1*4)+ N
T0(∂tσ + u · ∇σ) + σ = 2ηD(∇xu). #$%&!'
 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
#$% &' (%)*)(' ,-./0'1)2)134 &$ &.) .*51)161)2' ,.)1 71%' &$ 878' ,$*5 &'
%393%'*1)'& '* 8.62'8'*1: ;/5'%2.*5 (.6%1$*1 .88'*1 <=:>!? 5' 1%$*59.%8'
5.65 &-'@'1 ,6 A$*B'8'*1 ,' %393%'*1)'& C
∂tσ
∗ = Q˙σQT +QσQ˙T +Q(∂tσ + (Q˙
T (x∗ − a)−QT a˙) · ∇xσ)QT , <=:>D?
u∗ · ∇x∗σ∗ = Q((QT a˙+QT Q˙QT (x∗ − a) + u) · ∇σ)QT , <=:>E?
∂tσ
∗ + u∗ · ∇x∗σ∗ = Q˙σQT +QσQ˙T +Q(∂tσ + u · ∇σ)QT . <=:>F?
G.65 $2.*5 61)&)53
QT Q˙QT = −QTQQ˙T = −Q˙T , <=:>"?
(.6% 5)8(&)H'% <=:>F?:
G.65 2.I.*5 ,.* J6'4 5) .* $ <=:>!? ,$*5 &' %393%'*1)'& ,' %393%'*'4 *.65
$2.*5 '* 9$)1
T0(∂tσ
∗ + u∗ · ∇x∗σ∗) + σ∗ = 2ηD(∇x∗u∗) + Q˙QTσ∗ + σ∗QQ˙T , <=:>K?
,$*5 &' %393%'*1)'& '* 8.62'8'*1: L-3J6$1).* .*51)161)2' *-'51 ($5 )*2$%)$*1'
($% A$*B'8'*1 ,' %393%'*1)'&4 ' *-'51 ,.* ($5 6*' 3J6$1).* $'(1$/&' (.6%
6* 8.,M&' (AI5)J6':
#.6% 5' 5.%1)% ,' '11' )8($55'4 6*' 8$*)M%' ,' (%.3,'% '51 ,' ($55'% ($%
&$ 9.%8' )*13B%$&' ,' <=:N!? C (.6% 3%)%' &$ .*1%$)*1' '* 9.*1).* ,6 1$6O ,'
)5$)&&'8'*14 *.65 ,'2.*5 %35.6,%' &-3J6$1).* ,)@3%'*1)'&&' '1 *.65 ./1'*.*5
<'* (.5$*1 G = η/T0? C
σ =
∫ t
−∞
G exp
(
−t− t
′
T0
)
γ˙(t′)dt′. <=:!P?
Q$*5 '11' )*13B%$&'4 .* 2.)1 $(($%$R1%' γ˙(t′)dt′ J6) '51 &' )5$)&&'8'*1
)*H*)135)8$& $6 1'8(5 t′: S) *.65 )*13B%.*5 ($% ($%1)'54 *.65 (.62.*5 9$)%'
$(($%$R1%' &' )5$)&&'8'*1 %'&$1)9 T ,'6O )*51$*15 γ(t, t′) = 1/2
∫ t
t′
γ˙(t′′)dt′′:
;* ./1)'*1 $&.%5
σ = 2η
∫ t
−∞
exp
(
−t− t
′
T0
)
γ(t, t′)dt′. <=:!N?
#6)5J6' γ(t, t′) '51 &' )5$)&&'8'*1 '*1%' &'5 )*51$*15 t′ '1 t4 .* ('61 B3*3%$U
&)5'% &-3J6$1).* (%33,'*1' '* %'8(&$V$*1 &' )5$)&&'8'*14 ($% 'O'8(&' ($% &'
1'*5'6% ,' ,39.%8$1).* %'&$1)9 ,' W)*B'% Ht′ ,3H*) ($% <=:E?: G.65 ./1'*.*5
$&.%5 '* 2$%)$/&'5 &$B%$*B)'**'5 C
 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
σ(t, X) = 2η
∫ t
−∞
exp
(
−t− t
′
T0
)
Ht′(t, φt′(X))dt
′. #$%! &
'()*+,*(*+ *-./ 012)3-*/ ,++, 15.(+)-* 6(2 2(66-2+ (. +,76/ 6-.2 2,8
+2-.3,2 .*, 9-27.:(+)-* 0);12,*+),::,% <-.2 ,:(= *-./ (.2-*/ >,/-)* 0, :(
012)31, 0, Ft′(t, x
′) #01?*) 6(2 #$%!&& 6(2 2(66-2+ @ t A
∂tFt′(t, x
′) = dx′(φ˙t ◦ φ−1t′ )(t, x′)
= dx′(φ˙t ◦ φ−1t ◦ φt ◦ φ−1t′ )(t, x′)
= dx(φ˙t ◦ φ−1t )(t, φt ◦ φ−1t′ (x′))dx′φt ◦ φ−1t′ )(t, x′)
= dxu(t, φt ◦ φ−1t′ (x′))Ft′(t, x′),
#$%!B&
-C -* ( .+):)/1 :( 01?*)+)-* 0. D(76 0, 3)+,//, ,.:12),* u 0-**1, 6(2 #$% &%
$)*/)= ,* .+):)/(*+ :( 01?*)+)-* #$%E& 0. +,*/,.2 0, F)*G,2= -* ->+),*+ A
∂tHt′(t, φ
′
t(X)) =
1
2
(∂tFt′F
T
t′ + Ft′∂tF
T
t′ )
=
1
2
((dxu)Ft′F
T
t′ + Ft′F
T
t′ (dxu)
T )
= (dxu)Ht′ +Ht′(dxu)
T +
1
2
(
(dxu) + (dxu)
T
)
= (dxu)Ht′ +Ht′(dxu)
T +D(∇xu).
#$%!!&
'()*+,*(*+ *-./ 6-.3-*/ 012)3,2 #$%! & 6(2 2(66-2+ @ t ,+ *-./ ->+,*-*/
σ˙(t, X) = 2ηHt(t, φt(X))− 1
T0
(
2η
∫ t
−∞
exp
(
−t− t
′
T0
)
Ht′(t, φt′(X))dt
′
)
+ 2η
∫ t
−∞
exp
(
−t− t
′
T0
)
∂tHt′(t, φt′(X))dt
′
#$%!H&
I, 62,7),2 +,27, ,/+ *.: 6(2 01?*)+)-* 0, H ,+ :, /,-*0 3(.+ −1/T0σ%
$)*/)= *-./ *-./ (6,2,3-*/ 5., :J-* 6,.+ G1*12(:)/,2 :, 7-0K:, 0, '(L8
M,:: ,* .* 7-0K:, )*3(2)(*+ 6(2 D(*G,7,*+ 0, 21912,*+),: 6(2 :J15.(+)-*
/.)3(*+, A
T0
▽
σ + σ = 2GD(∇xu), #$%!E&
-C
▽
σ = ∂tσ + u · ∇xσ −∇xuσ − σ(∇xu)T , #$%!N&
 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
#$%&'() *+ #$,&-$) .)/01,)**)  !"$%&'()' #2 .)(%)2, σ3 412, )..) ,+&%1(6
*7$82+.&1( 9:3;<= )%. +00)*$) /1#>*) #) ?+@A)** %2,1(-).$3 B) /1#>*) +
$.$ 0,101%$ 0+,  !"#$%" #+(% C!D℄3 F( G+&.6 H*#,1I# + /1(.,$ 827&* )@&%.+&.
0*2%&)2,% 01%%&J&*&.$% 012, *+ '$($,+*&%+.&1( #2 /1#>*) #) ?+@A)** 0+, *) K1&@
#72() J1(() #$,&-$) .)/01,)**) 012, *)% .)(%)2,% L 1( 0)2. K1&%&, (7&/01,.)
82)**) #$,&-$) #) *+ G1,/)
Daσ
Dt = ∂tσ+u ·∇xσ+σW (∇u)−W (∇u)σ−a(D(∇u)σ+σD(∇u)), 9:3;M=
1N *71( (1.) W (M) *+ 0+,.&) +(.&%I/$.,&82) #) *+ /+.,&) M ). 1N a )%. 2(
,$)* 1/0,&% )(.,) [−1, 1]3 O1,82) a = 1 1( ,).,12-) *+ #$,&-$) %2,1(-).$)3
O1,%82) a = −1 1( 0+,*) #) #$,&-$) %12%P1(-).$) L 7)%. *) /1#>*) 82)
*71( 1J.&)(. %& 1( ,)/0*+) *) .)(%)2, #) Q&('), H 0+, *) .)(%)2, #) R,))(P
O+',+(') E #+(% 9:3; =3 O1,%82) a = 0 1( 0+,*) #) #$,&-$) 1,1.+.&1(()**) 12
#) S+2/+((3 412, -1&, 82) )% #$,&-$)% %1(. J&)( &(-+,&+(.)% 0+, K+(')/)(.
#) ,$G$,)(.&)* &* %2T. #) +*2*), L
σ∗W (∇x∗u∗)−W (∇x∗u∗)σ∗ = Q(σW (∇u)−W (∇u)σ)QT −QσQ˙T − Q˙σQT ,
9:3;U=
D(∇x∗u∗)σ∗ + σ∗D(∇x∗u∗) = Q(D(∇u)σ + σD(∇u))QT . 9:3!"=
O+ ,)%.,&.&1( %2, a -&)(. #72( K+(')/)(. #) .I0) L *7$82+.&1( 0),# %1(
KI0),J1*&&.$ *1,%82) |a| > 1 ) 82& )/0VK) #) ,$%12#,) *) 0,1J*>/) #)
B+2KI 9-1&, &$'()*+ ,(-.#"% ). /.01 C;D℄=3
B1//) (12% *7+-1(% +((1($ 0,$$#)//)(.6 *) /1#>*) #) S)W,)I% 9:3D<=
0)2. %) '$($,+*&%), #) *+ /V/) G+X1( 82) *) /1#>*) #) ?+@A)**3 F( 2.&*&%+(.
*+ #$,&-$) %2,1(-).$)6 1( 1J.&)(. *) $*>J,) /1#>*) #7H*#,1I#PY6 .,>% 2.&*&%$
#+(% *) #1/+&() #)% 01*I/>,)% #&*2$% ). #+(% *7$.2#) #)% J+(#)% #) &%+&**)P
/)(. L
T0
▽
σ + σ = 2η(T1
▽
D(∇xu) +D(∇xu)). 9:3!D=
 !" #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1
O+ /+Z)2,) 0+,.&) #) )..) .K>%) $.+(. 1(%+,$) [ *7$.2#) #72( /1#>*)
012, *)% /+.$,&+2@ -&.,)2@ /12%6 0,$%)(.1(%P*)% ,+0&#)/)(.3 \12% ,)(-1I1(%
(1.+//)(. +2@ .K>%)% #) 2.13 C]D℄6 456#.0" C]<℄ ). 2$%$- C]]℄ 012, #)
0*2% +/0*)% &(G1,/+.&1(%3
 !"! #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1  !"
 !"!# $% &'%()*&*+( ,*&'-.)-
#$ %&&'($) *'+, ** ./( 0% 1%*2+'( ,( *'3/4( ,3/, *'32, 5*%*, 6 ,302)(7
02./2)( 3/ 8%9(/:; #$ %&&'($) ($,/2*( ./( 0(, ,302)(, ,3$* 3$,*2*/5, )=%*31(,
3/ )( 1305/0(, )2,&3,5, ,/' /$ '5,(%/ >)2* '2,*%002$? %03', ./(7 )%$, 0(,
02./2)(,7 0(, 1305/0(, ,3$* *'+, 02@'(,7 (* ,=%82*($* )%$, *3/, 0(, ,($,7 )=%/*%$*
&0/, 42*( ./( 0% *(1&5'%*/'( (,* 50(45(; A0 B%/* %03', '5%02,(' ./(7 03',./=3$
'(B'32)2* /$ 02./2)(7 $3$ ,(/0(1($* 0(, 1305/0(, '%0($*2,,($*7 1%2, ,/'*3/*
(00(, ,=3')3$$($*; #$ )2* ./( 0(, 1305/0(, 8%8$($* /$ 3')'( )( &3,2*23$;
C3$*'%2'(1($* D ( ./=3$ &3/''%2* '32'(7 0(, 1305/0(, $( B3$* )3$ &%, ./(
'%0($*2' E,/' &0%(F ,%$, ,( &'53/&(' )( 0(/' ($42'3$$(1($*;
A0 %''24( &3/'*%$* ./( ( ,32* 0( %,; G%$, ('*%2$, &'3(,,/, )( '(B'32)2,H
,(1($*7 0% )I$%12./( 1305/0%2'( '%0($*2* ,%$, &3/' %/*%$* ./( 0(, 1305/0(,
$( ,=3')3$$($* 0(, /$(, &%' '%&&3'* %/: %/*'(,; J( 1%*5'2%/ % %03', 0% ,*'/H
*/'( 12'3,3&2./( )=/$ 02./2)( 1%2, ,=53/0( 2$K$21($* 0($*(1($* D 1(,/'(
./( ,% 42,3,2*5 )(42($* )( &0/, ($ &0/, 8'%$)( 6 D 0=L20 $/7 20 ,(1@0( ./(7
@2($ ./( M/2)(7 0( 1%*5'2%/ $( ,=53/0( &%,; N/2,./( )( *(0, 1%*5'2%/: $(
,=53/0($* &%,7 3$ 0(, 3$,2)+'( 311( ,302)(, 1%2,7 D %/,( )( 0=%@,($( )(
,*'/*/'( '2,*%002$(7 ( ,3$* )(, ,302)(, %13'&O(,; J(, 1%*5'2%/: ./2 &(/4($*
,/@2' (, &'3(,,/, ,3$* %&&(05, 4(''(,; J% K8/'( P;Q )5'2* ( &O5$31+$(
)( *'%$,2*23$ 42*'(/,( &%' '%&&3'* D /$ &O5$31+$( )( '2,*%002,%*23$ )%$, /$
)2%8'%11( *(1&5'%*/'(R5$('82( (* )%$, /$ )2%8'%11( *(1&5'%*/'(R*(1&,
)( '(0%:%*23$;
SO('13)I$%12./(1($*7 0(, 4(''(, >($ )(,,3/, )( 0% *(1&5'%*/'( )( *'%$H
,2*23$ 42*'(/,(? ,3$* &2585, )%$, )(, 5*%*, 15*%,*%@0(, )=5$('82( 02@'(; J(
*(1&, )( '(0%:%*23$ (,* )(4($/ *(00(1($* 8'%$) ./=20, 5430/($* *'+, 0($*(H
1($* >3$ )2* ./=20, 42(2002,,($*?; T %/,( )( 0(/' %@,($( )( ,*'/*/'(7 3$
)2* ,3/4($* ./( 0( 1%*5'2%/ 5430/( )%$, /$ E&%I,%8( )=5$('82( 02@'(F &%'*2H
/02+'(1($* O%3*2./( %4( )( $31@'(/: &/2*, )( &3*($*2(0 (* )(, @%''2+'(,
)=5$('82(, &(*2*(, (* 8'%$)(,;
 !"!/ 0+123- 1- 4*25-
N3/' 13)502,(' (**( ,2*/%*23$ (:*'U1(1($* 31&0(:(7 !"$%"&7'!()
*+* (*,!-*$". 3$* &'3&3,5 )%$, V""℄ )( $( &%, )5'2'( 0=2$*58'%02*5 )/ &%IH
,%8( )=5$('82( 02@'(7 1%2, )( $( 3$,2)5'(' ./( 0% )2,*'2@/*23$ ,*%*2,*2./( )(,
@%''2+'(, )=5$('82(; G%$, /$( %&&'3O( )( O%1& 13I($7 0( ,I,*+1( (,* )5H
'2* &%' 0% &'3@%@202*5 )( ,( *'3/4(' )%$, /$ &/2*, )( &'3B3$)(/' 5$('85*2./(
e D 0=2$,*%$* t; C(**( 5430/*23$ ,( B%2* %03', &%' 0=5./%*23$ ,/24%$*( 6
 !  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
 !"# "#$% &'()*+,+--'.'/0 ,123)4- 5# 67)92/# :'- ;49'- )*7<'- +/,+=7'/0
>1?@*>70+*/ ,7 .20?)+27 A B2--' 0'.3?)207)'
∂tP (t, e) = −Γ0 exp
(
− e
x
)
P (t, e) + Γ(t)ρ(e),
Γ(t) = Γ0
∫
e≥0
exp
(
− e
x
)
P (t, e)de.
C"#! D
E2/- >' -F-04.' C"#! DG ρ(e) '-0 >2 ,+-0)+B70+*/ ,' B2))+4)' ,' 3*0'/0+'> '0
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